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ABSTRACT 

We investigate the field dependence of the gauge couplings of V = 1 string 
vacua from the point of view of the low energy effective quantum field theory. We 
find that held-theoretical considerations severely constrain the form of the string 
loop corrections; in particular, the dilaton dependence of the gauge couplings 
is completely universal at the one-loop level. The moduli dependence of the 
string threshold corrections is also constrained, and we illustrate the power of 
such constraints with a detailed discussion of the orbifold vacua and the (2, 2) 
(Calabi-Yau) vacua of the heterotic string. 
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1. Introduction and Summary 

A unified fundamental theory of all known forces has been one of the prime 
goals of theoretical high-energy physics. Among the presently known candidates 
for such a unified theory, string theories appear to be free of the mathemati¬ 
cal inconsistencies at short distances that plague the fundamentally-local quan¬ 
tum held theories. This mild ultraviolet behavior results from an inhnite tower 
of superheavy particles in the string spectrum; nevertheless, the long-distance 
limit of a string theory can be described by an effective quantum held theory 
(EQFT) containing only a hnite number of local helds. Of particular importance 
is the heterotic superstring whose massless spectrum can comfortably include 
the SUiff) X SU{2) x [/(I) gauge helds of the Standard Model as well as families 
of chiral fermions with quantum numbers of the quarks and leptons. 

Unlike conventional “Grand Unihed Theories,” string theory does not com¬ 
bine all the gauge forces into a single simple group; instead, at energies just below 
the string scale, the gauge group has a product structure G = Ga- Never¬ 

theless, at the tree level of string theory, all the simple factors Ga have related 
gauge couplings,''^’^' 

(IT) 

where ^string is the universal string coupling parameter and ka denotes the nor¬ 
malization of the gauge group generators (in string-theoretical terms, ka is the 
level of the Kac-Moody current algebra giving rise to Ga). 

The universality of the tree-level gauge couplings (1.1) is spoiled at the 
loop level by the low-energy renormalization and by finite threshold corrections 
due to loops of charged superheavy particles that decouple from the low-energy 
EQFT.At the one-loop level of the string theory (and also of the EQFT), the 
running effective gauge couplings are given by 

sXp) = Ufei, + , (1.2) 
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where p is the momentum scale at which the effective couplings are measured 
(which is assumed to be much less than the mass of any superheavy string mode) 
and ba/167r^ is the coefficient of the one-loop /3-function of the low-energy EQFT. 
Similar to the threshold corrections in ordinary GUTs, the one-loop string- 
threshold corrections can be computed in terms of charges and masses of the 
superheavy string modes!"*' 

The physical interest of studying the string-threshold corrections is twofold: 
First of all, as in any unified theory, Aa are part of the high-energy boundary 
conditions for the renormalization group equations for the gauge couplings of the 
Standard Model and thus affect their low-energy values; indeed, current elec- 
troweak measurements at LEP and SLC are precise enough to be sensitive to 
such threshold corrections!^' Thus, in string-based models without additional, 
intermediate-scale thresholds in the observed sector, precision electroweak mea¬ 
surements impose stringent phenomenological constraints on the physics at the 
string scale. Note that for the string unification, the nominal unification scale 
(denoted by Mstring in eq. (1-2)) is not a free parameter of the theory (like Mgut 
in conventional GUTs) but a computable quantity; at the one-loop level of accu¬ 
racy, Mstring ~ ^string X 5 • 10^^ GeV. Therefore, in string theory, the threshold 
corrections have much stronger phenomenological impact than in GUTs and 
deserve serious investigation!** 

The second, and for the present investigation more important aspect of the 
threshold corrections results from the extreme sensitivity of various low-energy 
non-perturbative effects to the ultraviolet values of the gauge couplings. A major 
problem of the string unification is that to all orders in perturbation theory, 
supersymmetric ground states of the heterotic string are not isolated from each 
other but come in continuous families of exactly degenerate vacua parametrized 
by the vacuum expectation values (VEVs) of gauge-neutral scalar fields d)® usually 
called moduli. Generally, all couplings of the low-energy EQFT depend on the 
moduli VEVs and hence remain undetermined until some non-perturbative effects 


induce a non-trivial effective potential for the moduli fields and lift the exact 
degeneracy of the perturbation theory. This effective potential is also essential 
for the spontaneous breakdown of spacetime supersymmetry at or just above the 
weak scale. 

It is of course possible that the non-perturbative effects giving rise to this 
effective potential are of an inherently stringy nature and thus are beyond our 
present knowledge!**' However, there are good reasons to assume that the leading 
non-perturbative effects are due to infrared-strong interactions in a “hidden” 
sector of the low-energy EQFT. The energy scale at which such interactions 
become strong — and thus the overall magnitude of all the field-theoretical non- 
perturbative effects — is controlled by asymptotically free gauge interactions, and 
hence the shape of the resulting effective potential for the moduli is extremely 
sensitive to the field dependence of the relevant gauge couplings!^’***’***' 

Generally, moduli dependence of the gauge couplings of a string-based EQFT 
can be studied in two very different ways. One approach is to calculate the gauge 
couplings directly from the string-theoretical amplitudes involving the gauge 
fields and then analyze their moduli dependence. At the tree level, this approach 
yields eq. (1.1) where //((ring depends solely on the dilaton — a modulus common 
to all vacuum families of the heterotic string. For the N — I supersymmetric 
vacua, this dependence can be summarized as'*"*' 


f = J_ _ 

87r2 


tree 


= kaS 


(1.3) 


where S is (the bosonic part of) the dilaton/axion chiral superfield. At the one- 
loop level, the gauge couplings are given by eqs. (1.2), in which the threshold 
corrections A^ do not depend on the dilaton but generally do depend on all the 
other moduli M® of the vacuum family. If the masses of the superheavy string 
modes are known as analytic functions of the moduli, then the moduli depen¬ 
dence of the Aa can also be evaluated in analytic form. Following this approach. 
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L. Dixon and the present authorshave calculated the of factorizable (0, 2) 
orbifolds as explicit functions of the untwisted moduli; the same method was 
subsequently extended to other classes of string vacua in refs. 16-19. 

The other approach to the moduli dependence of the gauge couplings is based 
on constraints due to local supersymmetry of the low-energy EQFT. In the Wilso¬ 
nian action of the EQFT, a gauge coupling appears in a chiral superspace inte¬ 
gral f d‘^xd^0£ fa(^) tra{W^Wa) and hence has to be a harmonic function, i.e., 
the real part of a holomorphic function /a(‘h) of the complex moduli fields!^”' 
The chirality of this action for the gauge superfields leads to a powerful no- 
renormalization theorem: There are no perturbative corrections to the fa beyond 
the one-loop level. ’ ’ On the other hand, the Wilsonian gauge couplings of 
an EQFT do not account for the low-energy loops of the light fields and hence 
do not immediately connect to physical quantities such as scattering amplitudes.* 
Instead, one may define more physical, momentum-dependent (running) effective 
gauge couplings, which are free of these problems, although they have compli¬ 
cations of their own: The effective gauge couplings renormalize at all orders of 
the perturbation theory and their moduli dependence is non-harmonic!^^’^* 
However, this non-harmonicity is a purely low-energy effect and can be calculated 
from the low-energy EQFT without any knowledge of the superheavy particles; 
it is the harmonic terms in the moduli-dependent effective gauge couplings that 
are sensitive to the physics at the high-energy threshold. Such terms can always 
be interpreted as threshold corrections to the Wilsonian gauge couplings fa{^), 
and because of the no-renormalization theorem, they can arise at the one-loop 
level of the perturbation theory or non-perturbatively, but not at any multi-loop 

* From the renormalization theory’s point of view, the Wilsonian conplings are couplings 
of the EQFT from which the high-energy degrees of freedom are integrated ont bnt the 
low-energy qnantnm operators are left as they are. On the other hand, the generating 
functional of the IPI Feynman graphs defines a non-local effective classical action that 
summarizes all the quantum effeets, both high-energy and low-energy. The distinction 
between the Wilsonian action and the effective classical action and between the corre¬ 
sponding couplings is described in detail in refs. 21,13,23. 


level. 

The effective gauge couplings are physical and hence invariant under any ex¬ 
act symmetry of the low-energy EQFT. However, in order to cancel the potential 
anomalies arising from chiral rotation and rescaling of the charged fermions, the 
Wilsonian gauge couplings may be subject to non-trivial transformation laws, 
which are determined at the one-loop level of the EQFT in terms of its tree-level 
couplings!^'^ These anomalous transformation laws act as extremely powerful 
constraints on the holomorphic functions fai^)] indeed, if the moduli space of the 
EQFT modded out by all the discrete symmetries were a compact non-singular 
manifold, the fa{^) would be completely determined (up to constant terms) by 
their symmetry transformations alone. More generally, the functional form of 
the fai^) is determined by their transformation properties and their asymptotic 
behaviors at the singular points of the moduli space and along its non-compact 
directions {i.e., the large radius limit of a Calabi-Yau manifold). 

The purpose of this article is to interrelate the string-theoretical and the field- 
theoretical approaches, to establish their mutual consistency and to demonstrate 
the power of the field-theoretical constraints in the context of string theory. In the 
following section (2), we discuss generic properties of four-dimensional, N — I 
supersymmetric vacuum families of the heterotic string; essentially, we impose 
the special properties of the dilaton superfield S in an otherwise generic EQFT. 
We show that at the one-loop level, the dilaton dependence of the effective gauge 
couplings is completely universal: In terms of eq. (1.2), 

( 1 . 4 ) 

A^string is ffstring-^Pl times a numerical constant and the gauge-group-specific 
threshold corrections Aa(M, M) are dilaton-independent; this is exactly what 

[ 31 ] 

one obtains from the direct string-loop expansion. 

Furthermore, perturbative consistency between the EQFT and the string the¬ 
ory requires the “universal” threshold correction in eq. (1.4) to have exactly 
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the same moduli dependence as the Green-Schwarz term in the Kahler function, 
which is the field-theoretical description of the mixing between the dilaton and the 
moduli at the one-loop level of the string!^** Consequently, given the functional 
form of the string-theoretical threshold corrections Aa{M, M), held-theoretical 
techniques can use such data to determine both the Green-Schwarz term and 
the exact Wilsonian gauge couplings of the EQFT.'^^ Indeed, we shall see 
that the non-harmonic part of the moduli dependence of the combined threshold 
corrections 

A, = A, + (1.5) 

is completely hxed by the low-energy EQFT in terms of the tree-level Kahler 
function. Thus, the discrepancy between the non-harmonic parts of the string- 
theoretical Aa{M, M) and the held-theoretical constraints on the Aa(M, M) de¬ 
termines and hence the Green-Schwarz term up to a holomorphic ambiguity. 
At the same time, the remaining, harmonic part of a Aa(M, M) determines the 
moduli dependence of the one-loop correction to the Wilsonian gauge coupling 
fa{S, M), and because of the no-renormalization theorem for the Wilsonian gauge 
couplings, the resulting fa are exact to all orders of the perturbation theory. 

In section 3 we demonstrate the power of the held-theoretical constraints on 
the holomorphic functions /a(M) and show that their exact form can often be 
obtained from essentially tree-level properties of the string vacua. Specihcally, we 
consider families of factorizable (0, 2) orbifolds, which are invariant under a group 
of discrete symmetries called modular transformations. These symmetries are 
exact to all orders of the string perturbation theory, but the way they act on the 
massless charged helds can be fully determined from the tree-level Kahler function 
of the EQFT. In Appendix B, we present a string-theoretical calculation of the 
relevant parameters of this function, which in turn tells us the exact anomalous 
transformation rules for the Wilsonian gauge couplings fa- Furthermore, we 
show that the holomorphic functions fa{M) have no singularities for any finite 


values of the moduli helds and that their divergences in the decompactihcation 
limit are no worse than power-like with respect to the radii of the internal six- 
torus. Together, these data are sufhcient to determine the functions /a(M) up 
to moduli-independent constants. 

For the factorizable orbifolds we thus have two independent means of calcu¬ 
lating the moduli dependence of the gauge couplings in an analytic form: The 
held-theoretical method outlined above, and also the direct string-theoretical ap¬ 
proach of ref. 15. We show that the two calculations yield the same functional 
form for the moduli-dependent threshold corrections, but the numerical coeffi¬ 
cients of similar terms are given by apparently unrelated formul*. Nevertheless, 
for all the orbifolds we have studied we found those numerical coefficients to fully 
agree with each other; a number of examples are presented in Appendix G. 

Finally, in section 4 of this article we discuss the (2, 2) vacuum families of the 
heterotic string; Galabi-Yau compactihcations are the best-known examples of 
such vacua. The (2, 2) families possess intricate tree-level relations between the 
couplings of the charged matter helds and the geometry of the moduli space 
These relations allow us to derive the anomalous transformation rules for the 
Wilsonian gauge couplings under discrete symmetries from the Kahler function 
and the transformation rules for the moduli helds, without any additional string- 
theoretical information. Furthermore, the gauge group of a generic (2, 2) vacuum 
is Eq X Eg, and the difference between the gauge couplings for Eq and Eg turns 
out to be related to the topological index fi dehned in ref. 36. This index is 
computable in geometrical terms for the large-radius Calabi-Yau threefolds and 
thus provides additional information about the large-radius behavior of the gauge 
couplings. Consequently, given all the symmetries and all the singularities of a 
threefold’s moduli space, one often has enough constraints for the holomorphic 
functions fe{M) and fg{M) to completely determine their form. As an example of 
this method, we calculate the dependence of the Wilsonian gauge couplings on the 
only (1,1) modulus of the quintic threefold!^’^’^*'' Alas, we are unable to compare 
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this field-theoretical result to a direct string-theoretical calculation because the 
moduli dependence of the superheavy particles’ masses is not presently known 
for the quintic threefold. Since the same is true for most other currently known 
string vacua, the field-theoretical method of analysis appears to be indispensable. 

2. Effective Quantum Field Theory 
of Generic String Vacua 

2.1. Dilaton Dependence of the Wilsonian Couplings. 

At energies below the Planck scale, all particle interactions can be described 
in terms of an Effective Quantum Field Theory (EQFT) for the light modes of 
the string. Local supersymmetry imposes severe constraints on the action of 
the EQFT; in particular, all interactions with at most two derivatives can be 
summarized in terms of the Kahler function /C, the superpotential W and the 
field-dependent gauge couplings fa- It is important to distinguish between the 
Wilsonian couplings of an EQFT, which are coefhcients of local quantum opera¬ 
tors comprising the action of the theory, and between the momentum-dependent 
effective couplings that parametrize the scattering amplitudes!^^’^^' For EQFTs 
quantized and cut-off in a manifestly locally supersymmetric fashion, the Wilso¬ 
nian superpotential W and the Wilsonian gauge couplings fa are holomorphic 
functions of the chiral superhelds. Furthermore, W does not renormalize pertur- 
batively while the renormalization of fa is exhausted at the one-loop level of the 
perturbation theory. On the other hand, the effective gauge couplings 
renormalize in all orders of the perturbation theory and their dependence on the 
moduli scalars is non-holomorphic. 

The issue of manifestly locally supersymmetric quantization and regulariza¬ 
tion of EQFTs is discussed in detail in ref. 13. For the purposes of this article, 

* In ref. 15 the effective gauge couplings were denoted {ga{p'^)}~^ iu order to distinguish 
them from the Wilsonian couplings = Ke . In this article, ga always denote 

the effective gauge couplings while fa always denote the Wilsonian couplings. 


let US iterate a few points: First, the supersymmetric cutoff discussed in ref. 13 
is purely perturbative in nature and cannot be used to define a locally supersym¬ 
metric EQFT in a manifestly unitary non-perturbative way; there is no known 
supersymmetric analogue of the lattice cutoff for ordinary gauge theories. There¬ 
fore, our formalism presumes that all the Wilsonian couplings of the EQFT cut-off 
at the string threshold are weak enough to use perturbation theory; physically, 
this means that all the interactions at the string scale must be perturbatively 
weak. Note that this assumption does not exclude strong interactions at much 
lower energies. However, strong interactions right at the string scale would re¬ 
quire a different held-theoretical formalism — as well as a non-perturbative string 
theory. 

Second, manifest local supersymmetry of the regularized EQFT is not enough: 
One also needs to maintain full d = 4, N — 1 gauge invariance of the theory. 
(To be precise, the background gauge invariance should be manifest while the 
quantum gauge invariance is protected by the BRST symmetry.) Such a regu¬ 
larization ought to be possible, but the specihc prescription displayed in ref. 13 
presumes that only the gauge and the charged matter superhelds are affected by 
the gauge transformations while the background gravitational and moduli super¬ 
helds remain inert. In particular, we did not allow for linear superhelds with 
Chern-Simons couplings to the gauge superhelds because of technical difficulties 
with regularizing such couplings. Fortunately, linear superhelds are always dual 
to chiral superhelds, so one can avoid these difficulties by using the latter rather 
then the former. 

Although from the held-theoretical point of view there is no harm (and much 
beneht) in putting all the scalar particles into chiral supermultiplets, from the 
string-theoretical point of view, using the chiral superheld S for the dilaton-axion- 
dilatino multiplet does it serious injustice. While for all other light particles the 
relation between the vertex operator of the string theory and the correspond¬ 
ing unnormalized quantum held of the EQFT is completely determined at the 
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tree level and suffers from no corrections at higher orders, the dilaton, axion 
and dilatino vertices have similarly fixed relation to components of the linear 
superfield L, but their relation to the components of the chiral superfield S has 
to be adjusted order-by-order in perturbation theory. For this reason, whenever 
the low-energy limit of the heterotic string is discussed in terms of the gener¬ 
ating function (sometimes called “the effective classical Lagrangian”), the linear 
superfield L gives a clearer picture of the dilaton-axion physics than the chiral 
superfield S. On the other hand, the analytic properties of the Wilsonian 
couplings are more transparent in the chiral superfield formalism. Hence, for the 
purpose of this article, we prefer to work with S rather than L. 


while the kinetic-energy matrix Zjj for the matter fields depends on the string 
moduli M* and M® but not on the dilaton. The specific form of the functions 
K{M, M) and Zjj{M, M) depends on the details of the world-sheet SOFT defin¬ 
ing a particular family of string vacua; their properties for orbifolds and Calabi- 
Yau manifolds are discussed later in this article (sections 3 and 4). 

The dilaton and its superpartners arise in the spacetime sector of the world- 
sheet SOFT rather than in its internal sector. Consequently, its couplings are 
model independent at the tree level (c/. eqs. (1.3) and (2.2)), although the loop 
corrections destroy this universality. Thus, eq. (2.2) becomes 


With all these preliminaries in mind, let us consider the Kahler function /C 
of a string-based EQFT. /C is a real analytic function of all the chiral superfields 
which controls their sigma-model-like interactions and the geometry of the field 
space. Generically, expanding JC in powers of the matter superfields* and 
we have 

/C(<F,$,Q,Q) = K-2iF($,$) + %^(<F,$) + ••• , (2.1) 


iF($,<I>) 


— log)*? + 5) -f K[M, M) -f 


y(i)(M, M) 
8tt‘^{S + S) 


similarly. 


H(2)(M,M) 

647r4(5-b5)2 

(2.3) 


Zjji^,^) = Zf {M,M) + 






zfhM, M) 


8tt‘^{S + S) 647r4(5 + 5)2 


(2.4) 


where <1> stands for all the chiral moduli superfields, including both the moduli 
M® and the dilaton-axion S'; the • •’ stand for the higher-order terms in which 
are irrelevant for the present discussion. Note that in our notations the matter 
superfields have canonical dimension one while the moduli are dimensionless. 
(A (4)) = 0(1) corresponds to a Planck-sized modulus VEV in conventional 
units.) At the tree level of both the string theory and the EQFT, 

= _ log(S + S) -b k{M,M) (2.2) 

* In our terminology, the “matter” consists of all the scalar superfields that are not moduli 
and do not have Planck-sized VEVs. All the charged scalar superfields are matter, in¬ 
cluding the “hidden matter” charged under a “hidden” gauge symmetry. Gauge-singlet 
superfields that are prevented from acquiring Planck-sized VEVs by their Yukawa cou¬ 
plings are also treated as matter. 


Note that in both formula, the dilaton appears only in combination (S+S) — this 
is required by the continuous Peccei-Quinn symmetry S —>■ S + which holds to 
all orders of the perturbation theory. Furthermore, all the loop corrections come 
as power series in l/87r^(S'-|-S'), which serves as the string’s coupling parameter.^ 


t Actually, the true string-loop counting parameter is where (j> is the field defined 

by the dilaton’s vertex operator; the precise relation between e~‘^^ and l/(167r^ Re S') is 
itself subject to loop corrections. Therefore, the u-loop order corrections are generally 
of the order 0(l/(167r^ReS)"), but they also contain sub-leading terms of higher orders 
in l/(167r^ Re S). For example, the one-loop effects not only determine the first-order 
coefficients VP)(M, M) and Zj^J(M,M) in the series (2.3) and (2.4), but they also affect 
the higher order coefficients and etc., etc. The way the loop counting works in 
terms of S is that the terms of the relative order 1 /(IGtt^ Re S)" are completely determined 
at the n-loop order — not solely from the genus-n world sheet, but from all the genii from 
zero to n. 
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Now consider the superpotential W, which is a holomorphic function of the 
chiral superfields. Generically, it looks like 

W{Q,^) = IwjWQV + + •••, (2.5) 

where the “• • •’ stand for the non-renormalizable higher-order terms, but at the 
tree level of the heterotic string, the couplings fijj, Yjjx, etc., depend only on 
the string moduli M* but not on the dilaton S. In field theory, there is no 
renormalization of the Wilsonian superpotential ^ and even the finite threshold 
corrections to W are always completely determined at the tree level; in string 
theory, the same result follows from the Peccei-Quinn symmetry in combination 
with the holomorphicity. Indeed, W is a holomorphic function of all the chiral 
superfields and thus cannot depend on the dilaton Re S without at the same 
time being dependent on the axion ImS'. On the other hand, the Peccei-Quinn 
symmetry does not allow for any non-derivative couplings of the axion field and 
hence to all orders of the perturbation theory, the entire Wilsonian superpotential 
(2.5) does not depend on the dilaton-axion superfield S. Furthermore, since the 
loop expansion of the string theory is controlled by the dilaton, it follows that the 
string-loop corrections do not affect the Wilsonian superpotential of the EQFT. 

Like the superpotential, the Wilsonian gauge couplings fa are holomorphic 
functions of the chiral superfields. Therefore, their dependence on the dilaton 
superfield S is also severely restricted by the Peccei-Quinn symmetry. Taking 
into account the tree-level formulae (1.3) and the loop-counting property of the 
dilaton, it is easy to see that to all orders of the perturbation theory, one must 

, [22,40] 

have 

fa{S,M) = ka-S + i^/y^(M) , (2.6) 

where the second term on the right hand side is completely determined at the one- 
loop level of the perturbation theory and suffers from no higher-order corrections. 

t The two-loop corrections discussed in ref. 38 affect the effective Yukawa couplings of a 
theory with massless chiral superfields but not its Wilsonian Yukawa couplings. 


Again, we see that the string theory upholds the no-renormalization theorems of 
the supersymmetric field theory, where the Wilsonian gauge couplings do not 
suffer from either infinite or finite corrections beyond one loop. We also see 
that the entire moduli dependence of the fa is controlled by the one-loop effects; 
this result is fundamental for the present investigation. 

Note that the stringy no-renormalization theorems for the superpotential and 
for the Wilsonian gauge couplings depend on the anomalous Peccei-Quinn sym¬ 
metry and thus are purely perturbative in nature. Non-perturbatively, the con¬ 
tinuous Peccei-Quinn symmetry is broken down to its anomaly-free discrete sub¬ 
group, whose invariants include the holomorphic exponential exp(—S tt^A) of the 
dilaton superfield. Thus, beyond the perturbation theory, one expects 

W(Q,M,S) = VFtree(g,M) + Wnp (Q, M, (2.7) 

and similar corrections to the Wilsonian gauge couplings /a(5', M). 

2.2. The Effective Gauge Couplings and their Dilaton Depen¬ 
dence. 

An effective quantum field theory has two kinds of gauge couplings (as well 
as Yukawa couplings, etc.): The momentum-dependent effective gauge couplings 
9a{p^), which are directly related to physical quantities such as scattering ampli¬ 
tudes, and the Wilsonian gauge couplings fa, which have no such direct physical 
meaning but rather serve as the input parameters of the EQET. Erom the renor¬ 
malization theory’s point of view, the Wilsonian couplings are couplings of the 
EQET from which the high-energy degrees of freedom are integrated out but 
the low-energy quantum operators are left as they are. On the other hand, the 
effective couplings account for all the quantum effects, both high-energy and 
low-energy. In the previous section, we discussed the Wilsonian gauge couplings 
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whose moduli- and dilaton-dependence is severely constrained by the holomor- 
phicity and by the no-renormalization theorems. Let us now turn our attention 
to the effective gauge couplings ga{p^)- 

In general, one calculates the effective couplings of an EQFT order-by-order 
in the perturbative expansion, by summing up the appropriate Feynman graphs 
of the regularized theory. According to Shifman and Vainshteinj^^' the effective 
gauge couplings of a rigidly-supersymmetric gauge theory can be calculated ex¬ 
actly in terms of the Wilsonian gauge couplings and the effective normalization 
matrix for the charged matter superfields* In ref. 13, we extended their 

formula to the locally supersymmetric FQFTs, in which 

5a = Re/a + Y^log^ (2.8) 

+ + 37 ^ 2 *^ log5a ^°Sdet 2 '|f)(p 2 ), 

r 

where r runs over the representations of the gauge group G — Ga, 

Ur) = Tr,(rf^)) for U ^ 

T{Ga) = TaCadjoint of Ga), 

ba =^n,Ta(r) - 3T(Ga), (^.9) 

r 

Ca =^n,Ta(r) - T{Ga). 
r 

Ur is the number of the matter multiplets in the representation r and is the 
block of the effective normalization matrix referring to the “flavor” indices 
of those matter multiplets. Finally, A is the nominal UV cutoff scale of the 
regularized FQFT; to assure that the functions fa{^) correctly represent the 

* The effective normalization matrix itself is obtained from the perturbative IPI 

2-point Green’s functions for the matter superfields and 
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moduli dependence of the Wilsonian gauge couplings, A must be independent 
of all the moduli. To be precise from the supergravitational point of view, A is 
constant in Planck units; thus, without loss of generality, we may set A = Mpp 

Fq. (2.8) holds to all orders of the perturbation theory, but actual evaluation 
of the effective gauge couplings in string based FQFTs to the n-loop order requires 
knowing the Kahler function K and the ^1® to the (n — l)-loop order. Hence, 
beyond the one-loop level, analytic study of the moduli dependence of the effective 
gauge couplings is rather difficult, but at the one-loop level, we can use the tree- 
level approximations for the terms on the second line of eq. (2.8). Thus, inserting 
eqs. (2.2) and (2.6) into (2.8), we learn that the moduli and dilaton dependence 
of the gauge couplings for any N — I heterotic string vacuum is given by 

^ ^ ■ log(5 +A)^ (2.10) 

+ Re/i^^(M) -b Cak{M,M) -^2ra(r)logdetZ‘):^'=(M,M) 

L T 

plus a numerical constant of the order 0(l/167r^). (In this article we study 
the field dependence of the gauge couplings and disregard any constant terms. 
However, such terms are important in determining the unification properties of 
the gauge couplings.) 

There are two dilaton-dependent terms on the right hand side of eq. (2.10): 
The ka Re S term, which is the tree-level coupling, and the log(S'+S') term, which 
arises at the one-loop level. Remarkably, for any gauge coupling of any string- 
based N = \ supersymmetric FQFT, the coefficient of the latter one-loop term 
is precisely the coefficient ba/167r^ of the one-loop beta-function. Hence, the 
dilaton dependence of the one-loop corrections to the effective gauge couplings 
amounts to a universal change of the couplings’ unification scale: The natural 
starting point for the renormalization of the effective gauge couplings is not the 
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Planck scale but rather Mpi /\/S + S ~ ffstring^Pl ~ ~ ^string-'^'^ On 

the other hand, the Wilsonian gauge couplings (2.6) unify at the Planck scale 
rather than at the string scale. 

Actually, this “disagreement” as to whether the string threshold is at Mgtring 
or at Mpi is similar to what happens at any threshold of a supersymmetric EQFT 
and has nothing specihcally stringy about it. Indeed, at in ordinary GUT or at an 
intermediate-scale threshold, the effective gauge couplings of the unbroken part 
of the gauge group measure the threshold scale in terms of the physical masses 
of the heavy gauge bosons and other charged particles. On the other hand, 

[ 13 ] 

the Wilsonian gauge couplings are sensitive to the unnormalized Higgs VEVs 
rather than to the physical masses; furthermore, it is the unnormalized Higgs 
VEVs that control the residual, non-renormalizable “weak” interactions due to 
the broken part of the gauge group. Thus, for every threshold we have two distinct 
threshold scales, which differ from each other by a factor proportional to the gauge 
coupling. This is precisely what happens at the string threshold: The physical 
masses of the massive string modes are proportional to Mgtring but the strengths 
of the non-renormalizable interactions below the string threshold, including the 
gravitational coupling k, are proportional to powers of 5string/Afstring ~ V-^Pl 
rather than simply powers of 1/Mstring- Furthermore, whenever some particles 
can be either light or heavy depending on some moduli VEVs, in order for the 
physical masses of those particles to be of the order Mgtring, the unnormalized 
VEVs of the Higgs-like moduli have to be of the order O(Mpi). Thus, the effec¬ 
tive gauge couplings “feel” the string threshold at Mgtring, while the Wilsonian 
couplings register that threshold at the Planck scale. 

Thus far, we have discussed the effective gauge couplings ga from the point of 
view of the string-based EQFT. However, the same couplings can be calculated 

I Notice that the dilaton dependence of this string scale is a matter of convention. From the 
effective supergravity point of view, the Planck scale is field-independent while Mgtring oc 
(S + but in the string theory, it is natural to use the string scale as a field- 

independent unit of mass while Mpi cx (5 


directly in the perturbative string theory. At the one-loop level, the result can be 
generally expressed in terms of eqs. (1.2). Emphasizing the moduli- and dilaton- 
dependence of all the terms, we have*"*' 


g-\p^-S,S,M,M) = kag-^,^^{S,S,M,M) + 


log- 


Aa{M,M) 


string 

p2 


167p2 p2 Wtt^ ’ 

( 2 . 11 ) 

where, at the required level of accuracy, is indeed given by the {S+S) 

times a numerical constant. The dilaton-dependence of the “universal” coupling 
^string follows from the usual loop-counting arguments: At the tree level, ff^ring ~ 
Re S', while at the one-loop level we have eq. (1.4). The non-universal (i.e., gauge 
group dependent) string-threshold corrections follow from the spectrum of the 
massive modes of the heterotic string: 


Aa 



( 2 . 12 ) 


where the domain of integration T is the fundamental domain for the modulus r 
of the world-sheet torus and 


Ba = 


\g{r 


E(- 


S1+S2 


dZq,{s, t) 
2TTi df 


Tr. 


■{{ 


rpZ 


8tT2 ) 




)„ 


(2.13) 

Here is a generator of the gauge group Ga, q = s = (si,S 2 ) denotes 

the NSR boundary conditions for the fermions on the supersymmetric side of the 
world sheet, F is their fermion number and is the partition function of a free 
complex Weyl fermion; the term*^’'' is included for the sake of the modular 

invariance of the functions T 2 Ba{T,f)* The trace in eq. (2.13) is taken over the 
internal c = (22, 9) sector of the world-sheet SOFT; in general, it depends on all 


* The combination (7)^^) — g^) emerges when the properly regularized Kac-Moody current- 

eurrent correlator (T(a)(C)A“)('^)) integrated over the world sheet!*’'' The —term 
is obviously universal with respect to the gauge couplings and thus can be dropped from 
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the moduli of that internal sector, but not on the dilaton (which originates in the 
spacetime sector of the SOFT). Consequently, the string-threshold corrections 
Aa(M, M) depend on the string moduli M* and M* but not on the dilaton held 
S. Thus, we conclude that in string theory, the dilaton dependence of the effective 
gauge couplings pa is exactly as in the field-theoretical formula (2.10)!^'^' 

2.3. Moduli Dependence of the Gauge Couplings 

Having discussed the dilaton dependence of the gauge couplings we now turn 
our attention to their dependence on the moduli M® originating in the internal 
sector of the world-sheet SCFT. Let us compare the one-string-loop formula (2.11) 
for the effective gauge couplings ga with the one-loop EQFT formula (2.10). We 
have already seen that the dilaton-dependent parts of the two formulae agree 
with each other. To assure agreement between the S'-independent but moduli- 
dependent parts of eqs. (2.11) and (2.10), we now need 

Refi^\M) = Aa{M,M) - CaK{M,M) + ^27^(0 logdet^^):f(M,M) 

(2.14) 

(up to an 0(1) numerical constant), where Aa are as in eq. (1.5). The obvious 
meaning of eqs. (2.14) is that they are formulae for the one-loop corrections to 
the Wilsonian gauge couplings fa in terms of quantities computable in string 
theory. The first term on the right hand side originates at the one-loop level of 
the heterotic string theory; the other two terms subtract the one-loop corrections 
arising in the low-energy EQFT and thus are computable in terms of the tree- 
level properties of the string. Despite the one-loop-approximate nature of these 
right-hand terms, the left-hand side is protected from any higher-loop corrections. 

eq. (2.13) while its effect is absorbed into — this is exactly what was done in ref. 4. 
However, it is not the only universal threshold correction to all the gauge couplings, so in 
addition to the — term in eq. (2.13), we also retain the A™'' term in eq. (1.4) in order 
to account for the other universal corrections. Later in this section, we will show that it 
is this latter A“‘"'' term which is related to the Green-Schwarz term in eq. (2.3). 
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Thus, as far as the Wilsonian gauge couplings fa are concerned, eqs. (2.14) are 
exaet to all orders of the perturbation theory. 

Manifest supersymmetry of the low-energy EQFT’s Wilsonian Lagrangian 
requires holomorphicity of the functions /i^^(M). At the same time, none of the 
terms on the right hand side of eqs. (2.14) is — or has any a priori reason to be 
— a harmonic function of the moduli M® and M®; mutual cancellation of their 
non-harmonic parts is a non-trivial constraint. Thus, eqs. (2.14) impose powerful 
supersymmetric consistency conditions on in terms of the tree-level couplings: 

dMdMAa{M,M) = dM&M(cak{M,M) - ^2 Tra(r) log det ^(^^(M, M)) . 

" (2.15) 

Eqs. (2.15) apply to all {d = A,N = l)~supersymmetric vacuum families of the 
heterotic string; in the following section, we shall verify that they indeed hold 
true for the orbifolds and for the large-radius Calabi-Yau manifolds. 

Eqs. (2.15) follow from the requirement of describing the physics of energies 
below the string threshold in terms of a locally supersymmetric EQET. There 
are other constraints that follow from supersymmetry of the S-matrix and of the 
Green’s functions without any reference to an EQET. In particular, we argued in 
ref. 15 that the moduli dependence of the effective gauge couplings (^“^(<i>, $) is 
related to the effective axionic couplings of the moduli scalars: The CP-odd part 
of the Green’s function for two gauge bosons of Ga and a modulus scalar $* is 
proportional to 5(^“^/5<I>®. This relation must hold true in either held theory or 
string theory, and we shall use it momentarily to relate the universal part A'®""’ 
of the threshold corrections (1.5) to the one-loop mixing (2.3) of the dilaton 
superheld S with the moduli superhelds M®. 

Eor generic vacuum families of the heterotic string, the CP-odd one-string- 
loop scattering amplitudes were calculated by Antoniadis, Gava and Narain!^’'' 
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They found 


A~{A^^,A’',W) 


+iep.ai^pPiP2 dAg 

IGtt^ 9M® ’ 

-ie^a„f3PiP2 dAg 

167r2 ^ dW ’ 


(2.16) 


where Ag{M,M) are given by eq. (2.12) in which Ba{T,T) of eq. (2.13) are re¬ 


placed with 


^(r,T) = 


{(-f-iF (rj,-^) 


involving the odd Ramond-Ramond sector rather than the 3 even sectors* Ac¬ 
tually, for all spacetime-supersymmetric vacua ~ Bg, — this is one of the 

Riemann identities between characters of different NSR sectors of (0, 2) super- 
conformal algebras; this particular identity is proven in Appendix A. 


There is a subtle difference between the string-theoretical and the held- 
theoretical axionic couplings of the moduli: In held theory, the axionic couplings 
related by the spacetime supersymmetry to the derivatives of the the effective 
gauge couplings (2.11) are IPI Green’s functions, but the string-theoretical ax¬ 
ionic amplitudes (2.16) are fully-dressed scattering amplitudes. Diagrammati- 
cally, the relation between these fully-dressed amplitudes and the IPI Green’s 
functions is 



* The right-moving fermion number operator F has half-integer values in the Ramond 
sector, hence the (—1)^”^ sign factor for the Ramond-Ramond boundary conditions. 
However, by abuse of notations, this factor is commonly written as simply (—1)^, 
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which at the one-loop level reduces to 


A'' 


> 


Note that the virtual particle in the second diagram here has to be the axion 
Im S because it is the only scalar with tree-level axionic couplings to the gauge 
bosons. At the one-loop level, the mixing of the axion Im S with the moduli M® 
and M® is controlled by the “Green-Schwarz” term M) {cf. eq. (2.3)); 

thus, in light of eqs. (2.11) and (1.4), 



/ dgg^ 

\dMi 

+i^fiau0PlP2 

d 

167r2 

dMi 

ol 0 

-^^fiau0PlP2 

( dg-^ 

CK 0 

-^^fiaiA0PlP2 

167r2 

d 

^ dW 


Comparing these amplitudes with the string amplitudes (2.16), we now conclude 
that the spacetime supersymmetry is indeed consistent, provided 


M or M, 


A™''’(M,M) = -RW(M,M) 


(up to a moduli-independent constant). In other words, at the one-loop level, 
g-l^^ = Re 5 -(l/ 87 r 2 )t/(i)(M,M) + ..., in precise agreement with the dehnition 
of the universal string coupling in the linear multiple! formalism!^** 29 , 17 , 41 ] 


Ref. 17 gives an explicit string-theoretical formula for the Green-Schwarz 
function M), but the supersymmetric consistency conditions (2.15) allow 
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US to obtain this function without any additional string-theoretical calculations. 
Indeed, eqs. (2.15), (1.5) and (2.21) together imply 

- Cak - ^2Tra(r) logdet, (2.22) 

r 

where k and are determined at the tree level of the string theory while 

Aa is computed via eqs. (2.12) and (2.13) (or (2.17)). Eq. (2.22) determines 
the Green-Schwarz function M) up to an arbitrary harmonic function 

H{M), 

l/(i)(M,M) ^ + H{M) + H*(M). (2.23) 

This remaining indeterminacy is related to a fact that unlike all other fields of the 
low-energy EQFT, the chiral dilaton superfield S has no fixed relation to vertices 
of the string theory. Thus, we are free to re-define 

S ^ S + ^H{M) (2.24) 

as long as is a holomorphic function of the chiral moduli M®. This redefinition 
naturally affects the analytic form of the Kahler function (2.3); at the one-loop 
level, the effect is precisely (2.23). 

3. Field Theoretical Constraints for Orbifolds 

Thus far our discussion of the moduli dependent gauge couplings was com¬ 
pletely generic; we gave a general formula for the moduli and dilaton dependence 
of the gauge couplings (eqs. (2.10)) and outlined how to compute this moduli 
dependence in string theory (eqs. (2.12), (2.17) and (2.22)). However, for many 
families of the heterotic string vacua, their special properties may be used to 
severely constrain the holomorphic functions /i^^(M) and sometimes determine 
their exact analytic forms (up to a constant) without performing any string-loop 


calculations. There are several sources of such constraints: The geometry of the 
moduli space of a vacuum family controls the locations of all the singular points 
(or subspaces) of the functions f^\M) and the types of the respective singu¬ 
larities. Perturbative consistency of the EQFT imposes limits on the growth of 
the fa along asymptotic directions such as infinite radius. Finally, vacuum fam¬ 
ilies often have exact discrete symmetries, which also impose constraints on the 
analytic form of the /a(M). 

The effective gauge couplings ga{p^) are physical quantities and hence must 
remain invariant under all the exact symmetries of the theory. The transformation 
properties of the Wilsonian gauge couplings fa are not so obvious because these 
couplings act as counterterms cancelling potential anomalies of the EQFT. 
Specifically, there are two supersymmetrized Adler-Bell-Jackiw anomalies at play: 
The Konishi anomaly arising when charged chiral matter superfields are mixed 
with each other)”*^' 

+ o(gVMpi), (3.1) 

and the anomaly of the Kahler transformations 

K ^ K + J{^) -f 57*(T), it ^ it X exp(-57($)); (3.2) 

[ 13 ] 

cancellation of the combined anomaly requires 

fa ^ fa - -E^logdetTM(<l)). (3.3) 

r 

In this section we are going to demonstrate the power of the field-theoretical 
constraints on the Wilsonian gauge couplings. We shall see that for many orb¬ 
ifolds vacua of the heterotic stringsuch constraints uniquely determine the 
functions fi^\M); furthermore, when we restate the results in terms of the mod¬ 
uli dependence of the physical threshold corrections A^, we shall find the latter in 
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complete agreement with the string-theoretical threshold corrections compnted 
in ref. 15. To facilitate this comparison, we focus on exactly the same class of fac- 
torizable abelian (0, 2) orbifolds as were discussed in ref. 15, although we briefly 
return to more general orbifolds at the end of this section. 

The best way to describe a generic factorizable orbifold is to build one. As 
usual, we begin with a toroidal compactification of the ten-dimensional heterotic 
string. At this stage, we do not allow any Wilson lines, discrete or continuous; 
instead, we keep the six internal dimensions completely separate from the Ag x Eg 
degrees of freedom. Moreover, we split the six internal dimensions into three 
orthogonal planes and compactify each plane into a separate two-torus. The 
purpose of this restriction is to simplify the moduli space of the theory: as long 
as we keep the above constrains, we have two complex moduli T* and ?7® for each 
of the three planes (z = 1, 2, 3); furthermore, there is a separate SL{2, Z) duality 

• [ 44 ] 

symmetry for each of the six moduli T® and 17®. 

At the second stage, we twist the theory by a discrete symmetry group; this 
may require freezing of some or all of the [/* moduli. We insists that all the group 
elements avoid mixing the planes but rotate each plane onto itself; together with 
the need to preserve = 1 spacetime supersymmetry, this requirement limits 
us to the abelian twist groups only. Finally, we limit the asymmetry of the 
twists by requiring all rotations of the three internal planes to be symmetric with 
respect to the left-moving and right-moving bosonic operators comprising each 
plane. However, beyond the constraints of modular invariance, we do not ask for 
any relation between the twisting of fermionic superpartners z/i® of the internal 
coordinates A® and the way the same twist acts upon the Eg x Eg degrees of 
freedom. Thus, we are not limited to the completely symmetric (2, 2) orbifolds 
but allow for a rather large class of the (0, 2) orbifolds, and our analysis of the 
moduli dependent gauge couplings applies to all the gauge symmetries such an 
orbifold might have. 

In the literature, the term “modulus” has an ambiguous meaning in the orb¬ 


ifold context. Here we consider an exact flat direction of the scalar potential to 
be a modulus if and only if one can vary its expectation value without changing 
the spectrum of the light helds that appear in the low-energy EQFT. In par¬ 
ticular, all the moduli must be neutral with respect to all the low-energy gauge 
symmetries. For the purposes of this article, we keep in the low-energy EQFT 
all the gauge symmetries originating in the Eg x Eg (or £> 16 ) world-sheet degrees 
of freedom. A twisted state of an abelian orbifold is generally charged under at 
least one of those gauge symmetries and thus should not be considered a modulus 
even if it happens to parametrize an exactly flat direction of the scalar potential. 
Disregarding possible exceptions to this rule* we limit the present analysis of the 
moduli-dependent couplings to the untwisted, i.e., toroidal moduli of factorizable 
orbifolds. Furthermore, for the sake of notational simplicity, we concentrate on 
the diagonal moduli T® and [/® of the tree two-tori, although our analysis could 
be straightforwardly generalized to include the off-diagonal toroidal moduli of the 
Zg, Z 4 and Zg orbifolds. 

On the other hand, treating all the T® and [/® as moduli means that we 
may only consider the couplings of the gauge symmetries that originate in the 
Eg X Eg (or the Dig) and thus remain unbroken for generic values of the T® and [/®. 
For some special values of these moduli, the momenta/windings of the six-torus 
give rise to additional massless vector bosons*"*^', but the couplings associated 
with such “accidental” gauge symmetries do not belong in the low-energy EQFT 
which treats all of the T® and ?7® as moduli. Instead, they belong in the EQFT 
that includes the “accidentally” light particles and re-interprets some of the T® 
and t/® as charged Higgs fields rather than moduli. However, in this article we 
only concentrate on the more generic gauge couplings. 

* If a (0, 2) orbifold has sectors where the X* (and the ■i/’®) are twisted but the Eg x Eg (or 
Die) degrees of freedom remain completely untwisted, then such sectors may give rise to 
neutral massless scalars. It is not known if any such neutral twisted scalars have exactly 
flat potentials; if they do, they should be regarded as moduli, but we are not going to 
discuss them any further in this article. 
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Having defined the factorizable orbifolds and their gauge couplings, let us now 
consider the symmetry constraints on the fa- Under the modular symmetries, 
the toroidal moduli of an orbifold transform according to*"*^' 


M 


aM — ib 
icM + d 


eSL{2,z), 


(3.4) 


rotated by that twist and on the presence of the dX^ or dX^ world-sheet operators 
in the vertex for the . In Appendix B we give an explicit formula for all the 
q^j, but for the present discussion we only need the general form of eq. (3.7). The 
transformation of zjj under the SL{2, Z) symmetries follow from eqs. (3.7) and 
(3.4) and in turn determine the transformation rules for the matter fields: 


i.e., a,b,c,dG Z and ad— be — 1; the M here is either a T® or a t/® and there is a 
separate SL{2, Z) matrix for each such modulus. The tree-level Kahler function 
for the toroidal moduli of any factorizable orbifold has the form*^”*’*'^’^”*' 

k{M,M) = -^log(M®-hM®) (3.5) 

i 

where the sum is over all the toroidal moduli; under the symmetries (3.4), this 
Kahler function transforms according to eq. (3.2) with 

J(M) = J2\ogiiCiM^ + di). (3.6) 

i 

Note that although the tree-level Kahler function (3.5) is corrected by string 
loops, the holomorphic function (3.6) has to be exact to all orders of the pertur¬ 
bation theory: This follows from the fact that the Wilsonian superpotential W 
in eq. (3.2) is protected from any perturbative renormalization. 

The same argument can be used to obtain the exact transformation prop¬ 
erties of the matter fields themselves from the tree-level matter normalization 
matrix Zj^j{M,M). This matrix has to be calculated directly from the string 
theory; besides the spectrum of the light particles, it is the only model-dependent 
string-theoretical data we need for our purposes. The calculation is performed in 
Appendix B (see also refs. 34, 32 and 17); the result is 

zfj{M,M) = X ]^(M®-f M®)“'^^ (3.7) 

i 

where the exponents q\ are rational numbers depending on the twist sector giving 
rise to a matter field Q\ on the angle by which the internal AT® coordinate is 


Qi ^ xY[itCiM^ + di)-<i^ (3.8) 

i 

where T j is a moduli-independent unitary matrix. Again, although the tree- 
level normalization matrix (3.7) suffers from both field-theoretical and string- 
theoretical higher order corrections, the transformation rules (3.8) are exact to 
all orders of the perturbation theory. 

According to eq. (3.3), the modular transformation rules (3.6) and (3.8) com¬ 
pletely determine the behavior of the Wilsonian gauge couplings fa under the 
same modular transformations. Since the chiral dilaton superfield S is dehned 
by the string only up to re-definitions (2.24), we adopt a convention in which 
S is completely inert under all the modular transformations. Hence, the entire 
transformation (3.3) is due to the Wilsonian threshold corrections k{M), which 
thus transform according to* 

fa ^ fa log(fciM® + di) (3.9) 

i 

(modulo an imaginary constant), where 

«a =Y.^aiQkk-2q}) ” ^^a). (3.10) 

/ 

Mathematically, eqs (3.9) resemble the modular transformation rules for loga- 
* This also follows from eqs. (2.14). 
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rithm of the Dedekind’s rj function, which leads us to conclude that 

faiM) = logr,(zM*) +Pa{M), (3.11) 

i 

where pa are modular invariant (up to imaginary constants) holomorphic func¬ 
tions of the toroidal moduli M®. This form makes manifest the modular invariance 
of the physical threshold corrections Aa- Indeed, substituting eqs. (3.5), (3.7) and 
(3.11) into (2.14), we arrive at 

Aa(M,M) =-^a^log(|77(^M®)f ReM®) -b Repa{M). (3.12) 
i 

We are now going to argue that for factorizable orbifolds pa{M) = const; as 
a first step in this direction, let us consider possible singularities of these func¬ 
tions. As far as the perturbative string theory is concerned, a toroidal modulus 
of a factorizable orbifold is either completely frozen by the twist group or else 
can take any finite values in the right half of the complex plane (ReM > 0). 
However, a perfectly regular string vacuum may lead to a singular EQFT if 
some particles that are massive for generic values of the moduli become mass¬ 
less at that particular point (or subspace) of the moduli space. In factorizable 
orbifolds, this happens whenever T® = [/® (mod SL{2, Z)), at which point mo¬ 
menta/windings in the A® plane give rise to several massless particles; however, 
such “accidentally massless” particles are always completely neutral with respect 
to any low-energy gauge symmetry originating in the Es x Es (or Diq). Hence, 
although some of the low-energy EQFT’s couplings may become singular when 
T® = 17® (mod SL{2, Z)), the gauge couplings we are interested in do not develop 
any singularities at the one-loop level^ At higher-loop levels, these couplings may 
also become singular, but the absence of the one-loop singularities is all we need to 

I For a discussion of some of the singular couplings see ref. 46. 


conclude that the Wilsonian gauge couplings fa have no singularities anywhere in 
the moduli space. This argument exemplifies the power of the no-renormalization 
theorem for the Wilsonian gauge couplings fa’- They are completely determined 
at the one-loop level and thus do not care whether the non-harmonic terms have 
any higher-loop singularities. 

The non-singular behavior of the Wilsonian gauge couplings implies that the 
Pa{M) in eqs. (3.11) and (3.12) are holomorphic functions without any singular¬ 
ities for Re M > 0 and they are also modular invariant (modulo imaginary con¬ 
stants) with respect to separate SL{2, Z) transformations (3.4) for each modulus 
M®. Mathematically, these two constraints imply that Pa{M) are polynomials 
(or convergent power series) of where j is the SL{2, Z) invariant function 

that maps the fundamental domain of the symmetry onto the complex sphere.^^^' 
The j{iM) function is finite for any finite M in the right half plane, but it grows 
exponentially in the ReM ^ oo limit. Hence, each pa is either entirely indepen¬ 
dent of a modulus M® or else it has to grow at least exponentially when Re M® 
becomes large. 

Now consider the physics of the ReM® ^ oo limits: In the ReT® ^ oo limit, 
both periods of the two-torus for the internal complex coordinate A® become 
very large. In the Re [7® limit, one of the periods of the same two-torus becomes 
very large while the other period becomes very small; by duality, the physics of 
this limit is the same as if both periods were very large. Thus, in each of the 
ReM® ^ oo limits, the orbifold decompactifies and the four-dimensional low- 
energy EQFT becomes rather singular. However, we will show momentarily that 
the singularity of such a limit is relatively mild; specifically, the gauge couplings 
do not grow larger than 0(ReM®). 

In order to obtain this bound, let us consider the following double limit of 
an orbifold vacuum: ReT^ ^ oo, other M® fixed, ReA ^ oo while the ratio 
Re T^/Re 5 is kept finite and small. Since all the physical couplings of the four¬ 
dimensional EQFT are proportional to the negative powers of the dilaton Re S, 
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they are so small in this limit that the effective theory below the compactification 
scale is essentially classical. Above the compactification scale \J a'/ Re of the 
complex coordinate X^, the theory is effectively six-dimensional and its loop¬ 
counting parameter is no longer simply ~ 1/ Re 5 bnt rather ~ Re T^/ Re S. 
This modified loop counting applies not just to the six-dimensional field theory 
but to the string theory as well!'**’"''’' Thus, as long as remains sufficiently small, 
we can use the perturbation theory at all energies. Physically, this implies that 
the loop corrections to the four-dimensional couplings should be small compared 
to their tree-level values. In particular, we got to have 

|Aa|<CRe5 as long as <C 1, i.e., ReS^^ReT^ (3.13) 

(note that all the other moduli M* are fixed here). Since the one-loop threshold 
corrections do not depend on the dilaton, the inequality (3.13) is nothing but 
a bound on the large ReT^ limit of the Aa, namely |Aa| < O(Rer^) in the large 
ReT^ limit. Naturally, similar bounds 

|A«| < O(ReM) (3.14) 

apply to all the other ReM® ^ oo limits. As an immediate corollary of these 
bounds, we may finally eliminate the functions pa{M) in eqs. (3.11) and (3.12). 
Indeed, 

—a^log(|ry(zM®)|^ReM®) « |a^ReM® for large ReM®, (3.15) 

in good agreement with the bounds (3.14). On the other hand, the Repa{M) 
terms in eq. (3.12) are either constant or else they grow exponentially or even 
faster with ReM® ^ oo. Having seen that the consistency of the perturbation 
theory does not allow for such a rapid growth, we conclude that pa have to be 
moduli-independent constants. 


This completes our field-theoretical study of factorizable orbifolds of the het¬ 
erotic string. We have used the following string-theoretical data as input: The 
spectrum of the light particles, the tree-level couplings (3.5) and (3.7) and, most 
importantly, the knowledge that the SL{2, Z) modular symmetries (3.4) are not 
merely symmetries of the tree-level couplings but exact symmetries of the vac¬ 
uum states of the heterotic string.* Given this string theoretical input, the field- 
theoretical constraints then determine the Wilsonian gauge couplings to be ex¬ 
actly 

fa{S,M) = kaS - X! + const (3.16) 

i 

while the one-loop threshold corrections to the physical gauge couplings are pre¬ 
cisely 

Aa(M, M) = — log ^|77(iM®)|^ ReM®^ -b const. (3.17) 

i 

In the large volume limit, these threshold corrections behave as 

Aa « ^^a^ReM® oc (Radius)^ (3.18) 

i 

(c/. ref. 40); in the following section we shall see that for the smooth Calabi- 
Yau compactifications the threshold corrections also behave like the square of 
the radius in the large radius limit. 

Having derived eqs. (3.17) from the field-theoretical arguments, let us now 
compare them to the threshold corrections that follow from the direct one-string- 
loop calculations of ref. 15. In string theory, the moduli dependence of the non- 
universal threshold corrections Aa(M, M) for an orbifold with a twist group D is 

* In general, when using a symmetry to restrict the form of the gauge (or other) couplings, 
it is extremely important to verify the symmetry at the string theoretical level since the 
tree-level low-derivative couplings often have apparent symmetries that do not survive 
string loop corrections. For example, the tree-level cr-model-like couplings (3.5) and (3.7) 
of factorizable orbifolds are invariant under continuous SL{2, R) symmetries, but only 
the discrete SL{2, Z) symmetries are true symmetries of the string theory. 
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determined not by that orbifold itself but rather by the related orbifolds where 
the same internal six-torus is twisted by the little subgroups Di of the complex 
coordinates X®. That is, Di is comprised of the members of D that do not rotate 
the X®; for example, for the Zq orbifold whose twist group D is generated by 
the rotation 0 = (e^®®®/®, e^®®®/^, — 1 ), the little subgroup Z ?3 of the third complex 
plane is a Z 3 generated by the 0 ^ = (e^®®®/^, e^®®®/®, 1 ), the little subgroup D 2 
of the second plane is a Z 2 generated by the 0 ^ = (— 1 ,-|- 1 ,— 1 ) and the little 
subgroup of the hrst plane is trivial. When the original ZJ-orbifold has N = \ 
spacetime supersymmetry, the Z?i-orbifolds are TV = 2 supersymmetric; they are 
also particularly simple when the original Z?-orbifold is factorizable, which is 
precisely why we have concentrated on the factorizable orbifolds in ref. 15. 

Translating the main result of ref. 15 into the notations of the present paper, 
we have for any factorizable ( 0 , 2 ) orbifold 


Aa(TW, M)= - 


\D\/\D^ 


log(| 7 ?(*T®)|^Rer) -blog(|r/(T[/®)|^Re{/®) 


ka 


n{T\ [ 7 ® 


-b const, 


(3.19) 

where are the /I-function coefficients of the TV = 2 supersymmetric Di- 

orbifold. The second sum in this formula constitutes an additional universal term, 
quite distinct from the A™"® in eqs. (1.4) and (1.5); this term was not computed 
or even discussed in ref. 15 where we calculated only the differences between the 
threshold corrections for the different gauge couplings. 


The functional form of the hrst sum in eq. (3.19) is exactly the same as 
that of the held-theoretical threshold corrections (3.17). Since the latter differ 
from the string-theoretical threshold corrections by the Green-Schwarz function 
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M) {cf. eqs. (1.5) and (2.21)), we immediately conclude that 


rW(tw, M) 


E 5 (,s[log(|? 7 (*T®)fReT®) -b log (|r?(zt/®)ReC/®)' 
i=1.2,3 


^ G(T^t/^^^[/®) 

.. 4^3 \W\^\ 


-b const, 


(3.20) 


where the are some numerical constants to which we shall return in a moment. 
The non-harmonic part of the hrst sum in this formula has the same form as the 
Green-Schwarz function discussed in refs. 26-28,17. The harmonic log |? 7 (zTW)|^ 
terms in this sum follow from our convention that the dilaton S (and hence the 
Green-Schwarz function V) should be inert under the SL{2, Z) modular transfor¬ 
mations (3.4). Without this convention, those harmonic terms can be re-defined 
away according to eqs. (2.23) and (2.24). 


The second sum in eq. (3.20) and the role it plays in TV = 2 and TV = 1 
orbifolds will be discussed in detail in a forthcoming article. For the present, 
we simply state without proof that the function G(r, U) is non-trivial, that it is 
universal for all the factorizable orbifolds and that it is hnite but mildly singular 
when T® = t/® (mod SL{2, Z)). The simplest way to describe this function is 
to say that G is the [5'L(2, Z)]^ modular invariant solution of the differential 
equations 


[{T + TfdTdT-2]n = [iu + ufdudu-2]n = log\j( iT) - j{iu)\. 

(3.21) 

Turning our attention to the non-universal parts of the threshold corrections 
(3.17) and (3.19), we see that their functional form is the same but the coefficients 
do not seem to be related to each other. Thus, the Held-theoretical and the string- 
theoretical threshold corrections agree with each other if and only if 
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where the constants Sqq are exactly as in eq. (3.20). In particular, for a plane 
X* that is twisted by all the nontrivial members of the orbifold group D, the 
“N = 2” £)i-orbifold is actually an untwisted six-torus with = 4 spacetime 
supersymmetry and zero ba(t); for such a plane we should have = kaSQg for 
all the couplings. Eqs. (3.22) are just as essential for the perturbative consistency 
of the orbifold vacua of the heterotic string as the cancellation of the ordinary 
triangle anomalies for all the low-energy gauge symmetries; unfortunately, they 
are also just as difficult to prove directly from the string theory. 

In Appendices B and C.l we prove two general string-theoretical properties 
of the held-theoretical “modular anomaly” coefficients (3.10): First, whenever 
a factorizable orbifold has a (1,2) modulus whose value is not frozen by the 
orbifold’s twist group D, such modulus always has exactly the same as the 
(1,1) modulus of the same internal plane. This agrees with the behavior of the 
string-theoretical coefficients {\D\/\Di\) and also allows us not to distin¬ 

guish between the T* and the [/* in eqs. (3.22). Second, whenever a factorizable 
orbifold has N = 2 spacetime supersymmetry because one of the three internal 
planes is never rotated by the orbifold’s twist group, the coefficients aa for that 
plane are indeed equal to the /?-function coefficients ba while for the other two 
planes = ba(i) = 0. Alas, in the = 1 case, we do not have a general 
string-theoretical proof of eqs. (3.22) but only eqs. (3.10) that give us the coef¬ 
ficients a\ for any particular orbifold. In a way of a numerical experiment, we 
have calculated the for a few scores of orbifolds and found that they all satisfy 
eqs. (3.22). A dozen examples of such calculations are presented in Appendices 
C.2~4. (See also refs. 32 and 26.) 

We conclude this section with a few words about the orbifolds whose inter¬ 
nal six-tori do not factorize into products of separate two-tori for each of the 
three AT®. At the tree level, relaxing the factorizability condition does not af¬ 
fect in any way the Kahler functions (3.5) and (3.7); thus, we still have modular 
symmetries that act like (3.4) and (3.8) on the moduli and matter superfields 
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of the theory and under which the Wilsonian gauge couplings must transform 
according to eqs. (3.9). However, only for the factorizable orbifolds all of the 
SL{2, Z) transformations (3.4) are true symmetries of the string theory; in the 
non-factorizable case, the group of the true modular symmetries is only a sub¬ 
group of the [SL{2, Z)]". Clearly, only the true symmetries constrain the moduli 
dependence of the Wilsonian gauge couplings, which therefore need not be exactly 
as in eqs. (3.16). 

As an example, let us consider the [^^(d) x SO{8 )]/Zq orbifold where the 
period lattice of the internal six-torus is a deformation of the SU (3) x S'0(8) root 
lattice and the orbifold group D = Zq is generated by the 0 = —1). 

This orbifold has the usual three T® moduli for each of the three eigenplanes of 
0 plus the modulus for the third complex plane. However, the modular 
group for the third plane is not the full [SL{2, Z)]^ but only its proper subgroup 
[r®(3)]^, i.e., the integer b in eq. (3.4) for either or must be divisible by 
3. Unlike the full SL{2, Z) group, which has no holomorphic invariants without 
either singularities or unacceptable rate of growth in the decompactihcation limit, 
the r®(3) group does have several invariants of this kind, namely 

log?? 

Consequently, for this orbifold, the Held theoretical constraints specify the moduli 
dependence of the gauge couplings only up to an arbitrary linear combination of 
the invariants (3.23). The coefficients of such invariants apparently can only 
be determined by the string theory at the one-loop level. The techniques for 
calculating the string-theoretical threshold corrections for the non-factorizable 
orbifolds were developed by Mayr and Stieberger^^*'; their explicit results show 
that the Aa{M) indeed include holomorphic invariants such as (3.23). 


iM + X 


— \ogrj{iM) 


for A = 0,1,2. 
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4. (2, 2) Supersymmetric Vacua. 

In the previous section we saw how analytic knowledge of the moduli de¬ 
pendence of the orbifolds’ tree-level couplings can be used to deduce (or at least 
severely constrain) the one-loop corrections to the gauge couplings. Now we 
turn our attention to the (2, 2)-supersymmetric vacua of the heterotic string, for 
which we also have some analytic knowledge of the moduli-dependent tree-level 
couplings!^"*’^^’^’'’'*” Calabi-Yau compactihcations of the ten-dimensional het¬ 
erotic string are the best-known examples of such vacua. However, the (2, 2) 
vacua can be dehned and studied in string-theoretical terms without any refer¬ 
ence to the geometry of the six compact dimensions and without even assuming 
that the internal SOFT has any geometrical interpretation at all. Let us therefore 
begin this section with a brief review of the generic (2, 2) vacua and their known 
properties. 

From the world-sheet point of view, a (2, 2) vacuum is dehned by the following 
two features: First, the internal c = (22, 9) SOFT contains an S'O(IO) x left- 
moving Kac-Moody algebra (fc = 1 for both the 50(10) and the E% factors)* 
Second, the remaining c = (9, 9) part of the SOFT has N = (2, 2) world-sheet 
supersymmetry and both the left- and the right-moving N = 2 superalgebras 
have quantized 0(1) charges E and E (these charges are always equal to the 
respective fermion numbers, hence the notation). As usual, the right-moving 
N = 2 superalgebra is responsible for the = 1 spacetime supersymmetry; it 
is the left-moving N = 2 superalgebra that leads to the peculiar features of the 
(2, 2) vacuum families. 


* Alternatively, the internal SOFT of a (2,2) vacunm may contain an 50(26) Kac-Moody 
algebra (also at level /c = 1) instead of an 50(10) x Eg. In this article, however, we focus 
on the 50(10) x Eg case. 


The gauge group of any (2, 2) vacuum family is always G = Eq x Eg^ and the 
matter helds consist of 27 multiplets of the Eq, /i(i_ 2 ) 27 multiplets^ 
and some gauge singlets; none of the light matter helds is charged under the Eg 
group. We limit our discussion to the moduli that preserve the (2, 2) nature of 
the vacuum. Such moduli are in one-to-one correspondence with the charged 
matter helds and thus we distinguish between the moduli T® related to the 
27 matter helds and the (i(i, 2 ) moduli (7® related to the 27’s. At the tree level, 
these two types of moduli form separate moduli spaces and the Kahler function 
is a sum 

k = kiiT,T) + k2{U,U). (4.1) 

Furthermore, both moduli spaces have special Kahler geometries, so both Ki and 
k 2 can be written in terms of holomorphic pre-potentials Ti{T) and 
Unfortunately, loop corrections do not respect the special Kahler geometry of the 
moduli space, so the holomorphicity of the prepotentials does not lead to any 
non-renormalization theorems for the Kahler functions. 

The one-to-one correspondence between the moduli and the charged mat¬ 
ter helds results in a close relation between their respective metrics: In matrix 


I For some special vacua within the family (corresponding to special points or subspaces 
of the moduli space), additional vector bosons and matter fields might become massless. 
In principle, the low-energy physics of such special vacua (and their close neighbors) 
should be described by a different EQFT that accounts for the additional light particles 
and it may also re-interpret some of the moduli as combinations of the matter fields. 
Such re-analysis is absolutely essential for studying the “accidental” enlargements of the 
gauge group and their couplings. On the other hand, provided the “accidental” gauge 
symmetries commute with the Eg x Eg and all the accidentally light matter fields are 
neutral under the Eg x Eg (both conditions are true in all the known examples), none of 
these extra fields have any one-loop-level impact on the gauge couplings of Eg and Eg. 
Therefore, in this section, we limit our attention to the Eg and Eg gauge couplings for 
generic (2, 2) vacua. 

I For Calabi-Yau compactifications, ft(i,i) and /r{i, 2 ) the Hodge numbers of the man¬ 
ifold, hence the notation. For generic (2, 2) vacua, /i{i,i) and /i(i, 2 ) are simply integer 
parameters. 
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notations, 


= Gi X exp j (i ^2 ~-^i) and = G 2 x exp — ^ 2 ) (4.2) 


where Gi and G 2 are the moduli metrics 


{Gi)ij — = 


dT^dTi 


and (G 2 )y = ^ 


d‘^k2 

dTkdUJ 


Eqs. (4.2) and (4.1) are valid only at the tree level of the heterotic string, but 
that is all we need to determine the non-harmonic parts of the one-loop-level 
threshold corrections to the gauge couplings. Indeed, substituting eqs. (4.2) into 
eq. ( 2 . 10 ) and taking into account the group-theoretical factors,* we obtain 


Ab, = RefP - 30ki - 30X2, 

Ase = R-e/g^^^ -b (5/i(i 1 )-b/i(i 2 ) - 12)i^i - eiogdetGi (4.4) 

+ 2) ^(1,1) — 12)^2 — 61ogdetG2- 


Of particular interest is the difference between these two equations, 


Afie - Aes = Ref^% + 6(3-b/i(i 1 ) - Ax)i:i - GlogdetGi 

+ 6(3-b/i(i 2 ) + nX)-R 2 - 61ogdetG2 


(4.5) 


(x = 2[/i(i 1 ) — h(i 2 )] is the Euler number and /gig = /g^^ — /g^^). The non¬ 
harmonic part on the right hand side here is precisely 12 times the “holomorphic 
anomaly” of the topological index Fi of Bershadsky, Cecotti, Ooguri and Vafa!^’’^ 
Furthermore, using classical six-dimensional geometry, they proved that for the 
large-radius Calabi-Yau threefolds and their mirror images one indeed has 


Ae, - Ae, = 12fi (4.6) 

and hence — the holomorphic part of the Fi — is the same as 
We will show momentarily that eq. (4.6) actually holds for all the (2, 2) vacua 

* In the notations of eq. (2.9), T{Es) = 30, T{Ee) = 12, TEg(27) = Te^{27) = 3; thus 
CEg = —30 and ce^ = 3h(i,i) -b 3h(i_2) — 12. 
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of the heterotic string, regardless of whether such a vacuum has a geometrical 
interpretation of any kind. 

Eqs. (4.4) are field-theoretical constraints based upon the tree-level properties 
of the (2, 2) vacua. However, these vacua also have characteristic features that 
become important at the one-loop level of the string theory. In particular, the 
fact that the internal c = (22,9) world-sheet SOFT splits into an c = (9,9) SOFT 
plus the 50(10) X Eg {k = 1) Kac-Moody algebra allows us to factorize the trace 
in eq. (2.17): 


Ba = 




X Tr,, (- 




50(10) xBg 


where the summation over the NSR boundary conditions now refers to the left- 
moving world-sheet fermions. The second trace in this formula distinguishes 
between the gauge couplings of the Eg and of the Eq (for the Eq one uses a 
generator in 50(10) C Eq subgroup), but it is totally insensitive to specihc 
properties of a particular (2, 2) vacuum. All such traces (altogether six, for the 
two gauge groups and the three even NSR boundary conditions) can be easily 
obtained from the characters of the 50(10) x Eg Kac-Moody algebra or even from 
the partition functions ZEgir) and ZgQ(^iQ'^{&,T) = Z^(s,r) (5ij, is the partition 
function of one complex free fermion or two real ones); in terms of the partition 
functions, the second line of eq. (4.7) equals to 


1 5 f (log^w(s,T) -b 5 log(T 2 |? 7 (T)|"‘)) for Eg, 
2m dr | {k\og ZEgk) -b 5 log (r 2 |? 7 (r)|'‘)) for Eg 


We do not see how one can further simplify eqs. (4.8), but we can simplify 
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the difference of the two expressions. Using the partition function identities 


Z^{NS,NS)x Z^{NS,R)x Z^{R,NS) = 2, 

ZUNS,NS)- zUNS^R)- Zl,iR,NS) = 0, (4.9) 

ZI,{NS,NS) + zI,{NS,R) + ZI,{R,NS) = Ze„ 

it is easy to show that for each of the three even NSR bonndary conditions, 

ZEs{r)Zl,{s,T)x-^{\ogZ^{s,T) - ^logZE.ir)) = -24(-l)^i+^" dZq,{s,T) ^ 

(4.10) 

The left hand side of this eqnation involves partition functions of altogether 26 
real fermions (10 for the ^(^(lO) and 16 for the Eg), but only two real fermions 
appear on the right hand side. Snch drastic reduction in fermionic degrees of 
freedom is characteristic of the so-called bosonic/supersymmetric map between 
the heterotic string and the type II superstring!^*' In the context of (4.8) and 
(4.7), the bosonic/supersymmetric map (4.10) immediately gives us 


^6 - Bg 


r/tr) 2TTidT 

^ ' even s 


(4.11) 




Now consider the left-moving N = 2 world-sheet snpersymmetry of the c = 
(9, 9) SOFT. The left-moving and the right-moving N = 2 snperalgebras of the 
(2, 2) vacua are complex conjugates of each other and satisfy exactly the same F 
charge quantization condition; consequently, both snperalgebras give rise to the 
same kind of Riemann identities between the NSR sectors of the c = (9,9) SOFT. 
In Appendix A, we show that the right-moving N — 2 snperalgebra reduces the 
sum over three even NSR sectors in eq. (2.13) to a single Ramond-Ramond trace 
in eq. (2.17). In that proof, only the right-moving degrees of freedom play any 
role while the left-moving degrees of freedom simply come along for the ride, but 
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of course, exactly the same identity would also apply to the left-moving side of an 
(2, 2) supersymmetric SOFT. This is precisely the situation we have in eq. (4.11), 
whose left-moving side looks exactly like the right-moving side of eq. (2.13) and 
thus can be reduced in exactly the same way. The result is 

Be -Bg = 6Trfl,fl((-l)^-^FFg^-tg^-t)^^^^ (4.12) 

where the boundary conditions are Ramond-Ramond on both sides of the c = 
(9, 9) SOFT and no other world-sheet degrees of freedom are involved. 

In the path-integral formulation of V = (2, 2) SOFT, the totally-Ramond 
characters (Ramond-Ramond for both sides of the world-sheet) are given by the 
zero modes of the conformal helds* and thus behave as generalized supersymme¬ 
try indices of the theory. The particular index (4.12) and its d^r integral 

,4 13, 

was first encountered in ref. 59 and later studied in more detail in ref. 36. Com¬ 
paring this Fi with eqs. (4.12), (2.12) and (1.5), we immedaitely see 127^1 = 
= A^'g — A Eg] this concludes our proof of eq. (4.6). 

Thus far we discussed the general features of all the (2, 2) vacua, regardless 
of their geometrical interpretation or lack thereof. Let us now turn to the vacua 
which are related to the Calabi-Yau threefolds and consider how the size of the 
internal threefold affects the four-dimensional gauge couplings. The “overall ra¬ 
dius” R of the threefold is one of its (1,1) moduli; according to eq. (4.1), it does 
not affect the (1,2) moduli [/*, so we may safely disregard the latter in the fol¬ 
lowing discussion. In terms of the cohomologically defined (1,1) moduli T®, all 

The non-zero modes come in supermultiplets — the totally-Ramond boundary conditions 
preserve all of the world-sheet supersymmetries — and the bosonic non-zero modes cancel 
against the fermionic ones and vice verse. 
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the ReT® are proportional to while the torsions ImT® are radius-independent. 
For each torsion, there is a discrete Peccei-Quinn symmetry; these symmetries 
involve neither Kahler transformations nor rescalings of the charged matter helds 
and hence should leave the Wilsonian gauge couplings Re/a invariant. Since the 
fa are holomorphic functions of T®, this immediately implies 

fa\T) + const -t d/a (exp(-27rT)), (4.14) 

i 

where uja^i are some rational proportionality constants and the last term is expo¬ 
nentially small in the large radius limit. Thus, in that limit we have 

Re /i^^ ^ uja + const, (4-15) 

and the large radius behavior of the f^'^ depends on whether the constant iVa 
vanishes or not, and this cannot be determined by the Peccei-Quinn symmetries 
alone. 

Before we turn to string-theoretical reasons determining uja, let us consider 
the Held-theoretical non-harmonic contributions to the threshold corrections Aa. 
For Calabi-Yau manifolds that are both large and smooth, i.e., when all of the 
Re T® are large, the Kahler function Ki can be approximated as 

kiiT,T) « -log(dyfc(Rer)(Rer^')(ReT'®)) , (4.16) 

and hence exp(iFi) is proportional to while the moduli metric matrix Gi 
scales like R~'^. Substituting these scaling laws into eqs. (4.4), collecting all the 
logi?^ terms and using eq. (4.15) gives us***^' 

ka ~ Wa — ba log -|- COnst (4-17) 

for both the Eq and the Eg couplings. We emphasize that this result depends on 
all of the Re T® being large and does not apply to degenerate manifolds for which 


some of the T® are frozen at zero values; indeed, the orbifold results of section 3 
generally disagree with eq. (4.17).^ 

The curious coincidence between the coefficients of the log term in eqs. 
(4.17) and the /3-function coefficients for the respective gauge couplings suggests 
that perhaps in eq. (4.15), cja ~ 0 and the entire radius-dependence of the thresh¬ 
old corrections A^;^ and A^;^ amounts to changing the effective threshold scale 
from the string scale Mstring ~ to the Kaluza-Klein scale How¬ 

ever, eq. (4.6) can be used to show that the leading term in the large-radius 
limit of A^;^ — A^g is proportional to the fk rather than to the log and hence 
076 — wg 0. Indeed, ref. 36 gives the large-radius limit of the topological index 
Fi as 

'"l ^ g E C2 = gY y IIKf (4.18) 

® M M 

where C 2 is the second Chern class of the Calabi-Yau threefold A4, 7^ is its 
Riemannian curvature tensor and the fo form a basis of the cohomology group 
//(iji) Igft hand side here is obviously proportional to the R^ while the 

right hand side is positive definite; together, they guarantee that Ei and thus the 
difference Ae^ — A^;^ indeed grows like in the large-radius limit. 

In terms of the Wilsonian couplings /g^^ and /g^\ eq. (4.18) tells us that 

- f^^\T) = 2^ T® /foAC 2 + const + ,5/6-8 (exp(-2^r)). (4.19) 
® M 

Unfortunately, we do not have a second equation of this kind that would deter¬ 
mine separate R ^ 00 limits of the /g^^ and of the /g^\ In general, all we can 

I For large, smooth manifolds, the entire moduli metric matrix Gi is proportional to R~* 
while the entire Z matrix for the 27 matter fields is proportional to R~^ (c/. eq. (4.2)). 
For singular (2, 2) orbifolds, the same is true for the untwisted moduli and 27 matter 
fields, but the twisted fields have quite different scaling properties. For example, for the 
Z 3 orbifold, the Z matrix for the twisted 27’s is proportional to instead of the usual 
R~^. Of course, once the sharp points of an orbifold are blown up (and the blow-up radii 
increase proportionately to the overall radius R), we do recover the usual R~^ scaling 
properties of the matrix and thus restore the validity of eqs. (4.17). 
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say is that they have the general form (4.14) and do not grow faster than B?. 
However, for some specihc Calabi-Yau threefolds, the entire analytic form of both 
and can be deduced by essentially the same techniques as we used in 
section 3. 

As an example, consider the quintic threefold analyzed by Candelas, de la 
Ossa, Green and Parkes!^’'' It has hj-j 2) = 101 but h-(iq) = 1, so its (1,1) moduli 
space needs only one complex coordinate; Candelas et al. found it convenient to 
work with the “mirror coordinate” ^|J instead of the flat coordinate T. According 
to eqs. (4.2), such coordinate transformation also entails a linear redehnition of 
the charged matter helds, which means that one should also use different sets 
of Wilsonian gauge couplings fa in different coordinate pictures (c/. eq. (3.3)). 
We should also account for a possible Kahler transformation between different 
coordinate pictures, but fortunately, this transformation is trivial for the two 
particular pictures of the quintic discussed here. Thus, 

fs'Hi’) = IsHt) but = £\t) - 12^. (4.20) 

In terms of r/>, some of the modular transformations are monodromies that 
map Ip onto itself while others map ip thus all physical quantities must 

be single-valued functions of the ip^. The Kahler function Ki{ip,ip) determined 
in ref. 37 is invariant under all the modular transformations, but the Yukawa 
eoupling Y 27 of the only 27 multiplet of the theory transforms like 

l27(V’) = ^ when V' ^ (4.21) 

25 1 — ip^ 

which implies that the ?/)-changing modular transformations are i?-symmetries of 
the charged helds: 

Q 27 ^ g27, ^ and W ^ e+2"/^ W (4.22) 

when Ip e^'^'^/^ip. Assuming as usual that the dilaton superheld S is inert 
under all modular transformations, we apply eqs. (3.3) to the transformations 
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(4.22) and conclude that both of the Wilsonian threshold corrections /g^^ and 
/g^^ must be single-valued (modulo Ani) functions of ip, and furthermore. 




modulo 47rz. 


(4.23) 


The (2, 2) vacuum family of the quintic threefold includes the Gepner [3]^ 
model that particular vacuum corresponds to ip = 0. The Gepner model 
has four massless abelian gauge helds as well as four massless matter superhelds 
that are not present in the spectra of the generic vacua in the same family; 
however, all these “accidentally” massless helds are neutral under the Eg x Eq 
gauge group. Therefore, the physical gauge couplings gsg and should have 
no singularities at the “Gepner point” -0 = 0. At the same point, the metric 
of the modulus ip is non-singular, but the Kahler function has a logarithmic 
singularity, Ki{ip, ip) = — log |-0|^-|-hnite. According to eqs. (4.4), this singularity 
should be canceled by appropriately singular terms in the Wilsonian corrections 
/g^^ and /g^\ Thus, for ip ^ Q, 


= —60 log0 -I- hnite, 
= +188 log 0 -I- hnite; 


(4.24) 


note that the modular transformations of the logarithmic terms here agrees with 
eqs. (4.23). 

Besides the spurious Kahler singularity at the Gepner point 0 = 0, the (1,1) 
moduli space of the quintic has two genuine, physical singularities: 0 ^ 00 is 
the large radius limit of the threefold, and at 0^ = 1, the mirror threefold suhers 
from conifold degeneration!^^^ In the large radius limit one has T « log0^; 
thus, in light of eqs. (4.14) and (4.20), the Wilsonian gauge couplings have at 
most logarithmic divergences as ip —>■ 00 . Taking also into account the modular 
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transformation properties (4.23) of the two their ip ^ 0 limits (4.24) and 
the requirement that there should be no singularities of any kind except ai ip = 0, 
Ip = oo OT ip^ = 1 we arrive at 

/«(V^) = -12\ogiP^ + (a;8 + 12)log(V^5-l) + - 1), 

f(^\iP) = +if logrA® + (a;6-40)log(rA5-l) + p6(V'^ - 1), 

where the coefficients wg and loq are exactly as in eqs. (4.14). The functions ps 
and pQ here must be single-valued (in terms of ip^) and non-singular anywhere 
except at ■0^ = 1; such functions may have poles or essential singularities at that 
point, but no logarithmic or other singularities that require branch cuts. 

Now consider the physics of the conifold limit ip^ ^ 1. In that limit, the 
Kiihler function Ki is Hnite while the metric has only a mild logarithmic sin¬ 
gularity; the leading divergences of the threshold corrections A Eg and Ae^ should 
therefore come from the Wilsonian terms in eqs. (4.4). In light of eqs. (4.25) one 
might ask: How can a gauge coupling have a pole or an essential singularity 
at ip^ — 1? Generally, threshold corrections to gauge couplings become singu¬ 
lar when otherwise massive charged helds become massless for some particular 
values of the moduli, but such divergences are always logarithmic with respect 
to the “accidentally” vanishing masses. Thus, there are only two ways to get a 
pole or any other singularity that is stronger than logarithmic: The hrst way is 
for the masses to vanish not like powers of {ip^ — 1) but exponentially or faster; 
this is rather implausible in terms of the known geometry of the conifold limit. 
The second way is to have an inhnite number of charged helds that all become 
massless at the same time, which means that in string-theory, the conifold limit 
would be equivalent to some kind of a decompactihcation and at = 1 we 
would effectively have hve or more non-compact spacetime dimensions. In this 
scenario, the rate at which grow when ip^ ^ 1 can be limited in essentially 
the same way as we have limited the large-radius growth of the orbifolds’ fa in 
the previous section. Let us skip the technical details of this argument; the result 
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is that if the conifold were to decompactify, the /g could be no more singular 
than \/{ip^—l)‘^. However, the geometry of the conifold does not seem to support 
infinitesimally short strings wrapping around non-contractible loops and we do 
not see what other string modes could lead to an effective decompactihcation of 
the conifold limit. Let us therefore conjecture that there is no decompactihcation 
and only a hnite number of particles become massless at ip^ = 1. In this case, the 
threshold corrections cannot have any poles or essential singularities at = 1; 
in terms of eqs. (4.25), this means ps = P6 = const. (Of course, a “constant” 
part of an fi^\ip) is actually a function of the 101 moduli [7®, but the analytic 
form of that function is beyond the scope of the present discussion.) 

The question of the logarithmic singularities of eqs. (4.25) at -0^ = 1 is more 
subtle since such singularities require only a hnite number of otherwise massive 
charged helds to become massless. We believe however that even this does not 
happen for the Eg coupling. Indeed, consider the heterotic string vertices of hy¬ 
pothetical massless particles with non-trivial Eg charges. The fc = 1 Kac-Moody 
algebra responsible for the Eg has no sources of charge other that the Kac-Moody 
currents </(a)(^) themselves. Therefore, a heterotic vertex of any massless Eg- 
charged boson (because of the spacetime supersymmetry, it is enough to consider 
the bosons) has to factorize into a product of the form J(^a) (‘J® + ^iP ' 
where the operators <I> and dt have conformal dimensions h = (0,1) and h = (0, j), 
respectively. These dimensions mean that $(2:) is a right-moving current while 
'^(2) is a right-moving free fermion; the ordinary gauge bosons of the Eg come 
from such operators in the spacetime part of the world-sheet SOFT, <I> = 
and 4* = ip^^. However, were there additional operators of this kind in the internal 
part of the SOFT, the free right-moving fermion dt would have a zero mode in the 
Ramond sector. That zero mode would be inseparable from the zero modes of the 
four ipf^ and thus would allow changing the spacetime chirality of any fermionic 
particle without changing the rest of its quantum numbers; in other words, there 
would be absolutely no chirality in the particle spectrum of the four-dimensional 
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theory* 

Although the conifold limit of the quintic threefold corresponds to a somewhat 
singular (2, 2) vacuum, we do not believe it is singular enough to eliminate the 
non-zero Euler number of the theory and completely remove the chirality of its 
spacetime fermions. Therefore, we find it implausible that any particle that 
becomes accidentally massless in the conifold limit can carry an E% charge. The 
Ag gauge coupling thus cannot have even a logarithmic singularity at the conifold 
point ^jf’ — 1 and the first eq. (4.25) reduces to simply 

= —12 log + const. (4.26) 

Among other things, this formula gives us the exact large-radius limit of the Ag 
coupling: in terms of eq. (4.15), wg = —12. 

For the gauge coupling of the Ag, the situation is somewhat different. The 
same argument we have just used for the Ag also rules out any accidentally 
massless particles in the adjoint representation of the Ag. Furthermore, the non¬ 
trivial chirality of the conifold limit also rules out any accidental enlargement of 
the Ag gauge group to an Ay or an Ag. What we cannot rule out, and what we 
believe might indeed happen is the accidental masslessness of an 27 + 27 matter 
multiplet. As a result, the Ag coupling would diverge logarithmically, and while 
we cannot calculate the coefficient of such divergence without knowing exactly 
how many 27 + 27 multiplets do become massless and the way their masses 
depend upon — 1, we can be sure of its sign. In terms of eq. (4.25), we must 
have (wg — 40) < 0. 

At this point, we again turn to the results of ref. 36 who have calculated the 
topological integral in eq. (4.19) for the quintic and thus determined the large- 

* This argument, adapted from ref. 63, applies to any four-dimensional vacuum of the 
heterotic string, spacetime supersymmetric or otherwise. For any level k = I Kac-Moody 
algebra, if there are any massless scalars in the adjoint representation of the gauge group, 
then the spacetime fermions cannot have any chirality. 
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radius limit (and hence the entire analytic form) of the difference /g_8(t/;). In 
our notations, their result amounts to luq — lus ~ 50, which indeed agrees with 
tag = —12 and tag < 40. Thus we now know the exact analytic form of the 
Wilsonian Ag coupling, 

= +i|8logr/,5 _ 21og(V'’^-l) -b const. (4.27) 

We conclude this article by extending the above analysis of the quintic three¬ 
fold to the three other threefolds that also have ^(iq) = 1 and similar singularities 
of the (1,1) moduli space!^”^' (Analysis of Calabi-Yau threefolds with /iq i) > 2 is 
similar in principle but technically more difficult because of more complicated sin¬ 
gularities.) Following the notation of refs. 51, the modular-invariant coordinate 
of the (1,1) moduli space is where A: = 6, 8 or 10, depending on a particular 
model, and the singularities are ai tp ^ oo (the large radius limit) and ip^ = 1 
(a conifold singularity); there is also a spurious singularity at the Gepner point 
tp — 0. In this notation the quintic threefold — which follows the same pattern 
— corresponds to A: = 5. The asymptotic behavior of the Ai and is similar 
for all these models; it is spelled out in detail in refs. 51. Given these data — 
and the topological integrals (4.19) computed in ref. 36, — we obtain 

/8^^(V') = -60 1ogV’ + const, 

/g^^(V') = A{k) log Ip — 21og(i/'^ —1) -b const, 

where A(5) = 188 (c/. eq. (4.27)), A(6) = 192, A(8) = 296 and A(10) = 288. 

Remarkably, all four models have exactly the same logarithmic divergence 
of the Ag coupling in the conifold limit ^ 1. The coefficient (—2) of this 
divergence tells us that some 27 + 27 multiplets do become “accidentally” light 
in the conifold limit and that the product of their masses behaves like (jp^ — l) . 
It would be interesting to verify this result by a direct string calculation of the 
masses. 
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APPENDIX A 

Riemann Identities for Threshold Corrections. 

In terms of the internal c = (22, 9) world-sheet SCFT, unbroken N — 1 
supersymmetry of the four-dimensional spacetime requires extended N — (0, 2) 
world-sheet supersymmetry (rather than just N = (0,1) required by the heterotic 
string itself). The current algebra of this extended supersymmetry contains an 
abelian current J(z) whose charge f J should be quantized. Together, J and its 
quantized charge describe a free chiral boson (J = \/idH) of radius -\/3, which is 
a universal c = (0,1) part of the internal SCFT of any spacetime-supersymmetric 
vacuumC^"*' Among other things, this universal part is responsible for the NSR 
sectors of the internal SCFT; the remaining c = (22, 8) part — the part that dif¬ 
fers from vacuum to vacuum — is the same in all the 4®®™® NSR sectors. Joining 
the c = (22,8) and the c = (0,1) SCFTs together involves 3 conjugacy classes 
and hence only sectors. This fact leads to linear relations between the par¬ 

tition functions and characters of the combined world-sheet SCFT for different 
NSR sectors; such relations are generally known as Riemann identitiesf'^'^‘^^ 


The quintessential Riemann identities of the N = 1, d = 4 spacetime su¬ 
persymmetry are identities for the characters of the Eq/D^ coset algebra, which 
combines the internal H boson with the bosonized fermionic superpartners of 
the two transverse space coordinates. All the other Riemann identities can be 
derived from these and at genus = 1, there is one such identity, which reads'**^' 

chf/^Rs, u^,iyH,T)=2 Chf/^*(i?i?, + r). 

(A.l) 

Here the subscript p labels the three conjugacy classes of the Eq, RR stands 
for the Ramond-Ramond sector s = (1,1) and the linear transformation of the 
(z/ij, i>h) 2-vector on the right hand side is simply a 7r/3 rotation. The one-loop 
characters Ch^®/^”* can be expressed in Hamiltonian terms according to 

Chf/^*(s,r.>i„r.ff,r) (A.2) 

= Tvpsi exp{2Triiyq,E^+ 2TriiyHFH/V3)') 

V / H+W 

Note the dual role played by the Eh operator here: Eh/V i is the J-charge while 
Eh itself is the fermion number due to id-related degrees of freedom. Similarly, 
E^, is both the fermion number for the two transverse fermions and also the 
helicity (or rather the T-dependent part of the helicity). 

The purpose of this Appendix is to use the Riemann identity (A.l) (or rather 
its complex conjugate) to establish the identity between the right hand sides of 
eqs. (2.13) and (2.17). Let us therefore start with eq. (2.13) and factorize the 
trace over the internal SCFT into a trace over the id-related part and a trace 
over the rest: 


p=0,±l 

2 


( 22 , 8 ) 


(A.3) 




E(-i) 


S1-I-S2 


dZm{s, t) 

2TTidf 




-iy2F-L-± 


H 


Clearly, the expression on the second line here is universal for all the spacetime- 
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supersymmetric vacua; it is this expression that we are now going to rewrite in 
terms of the characters of the Eq/D 4 coset. 

The Ea/Di coset is comprised of the i?-boson and of an 50(2) generated 
by the two transverse fermions; the Z^, in eqs. (2.i3) and (A.3) is precisely the 
partition fnnction of those fermions. The derivative dZ^, jdf can also be obtained 
from the 50(2) characters Ch'^^^^)(s, t), which satisfy differential equations 



i 5^ 51og?7(r)\ 

47r(9i/|, df ) 


Ch'^®(^)(s, vm, t) 


0 . 


(A.4) 


Since for v = 0 the characters are the same as the partition functions, we can 
express the dZ^j/df factors in eq. (A.3) in terms of the 50(2) characters and 
their ldv\ derivatives. Combining the result with the trace over the i/-boson 
sector, we see that the expression on the second line of eq. (A.3) equals to 


(A.5) 

The sum here is over the even sectors s only, bnt we can extend it to all the 
sectors since for vqt = vh = Oj the Ramond-Ramond character vanishes together 
with its diagonal second derivatives. In this manner, we arrive at precisely the 
character sum on the left hand side of eq. (A.l). Now we can use the Riemann 
identity and relate everything to the Ramond-Ramond characters, bnt we still 
need to apply the differential operator in (A.5), which gives us 


. d\ogr]{i 


' /nxroTi c 


47r2|?7(T)|4 dv'^ dv’j^ ^ 


Here we have again used the vanishing of the Ramond-Ramond character and its 
diagonal second derivatives at = 0. 
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To calculate the remaining derivatives in eq. (A.6), we factorize the Eq/D 4 
character into the 50(2) character times the character of the iJ-boson sector and 
apply the djdv' derivatives accordingly. For the 50(2) character we have 

^ 2Tiiff{f). (A.7) 

Thus, the entire complicated expression on the second line of eq. (A.3) reduces 
to 


27r7?2(r) 


2 ( \ 
Tf^yr) 






Finally, we substitute eq. (A.8) into eq. (A.3), combine the traces over the El- 
boson sector and over the model-dependent c = (22, 8) sector and identify the 
fermion number F of the H-hoson sector with the F of the entire anti-holomorphic 


side of the internal SOFT. The result is 


■nj! (- 




APPENDIX B 

Moduli Dependence of Matter-Field Metrics in Orbifolds. 

In this Appendix, we derive eqs. (3.7) and calculate the exponents qj in 
terms of the orbifold parameters of the respective matter fields . Generally, in 
order to derive the parameters of the low-energy EQFT from the string theory, 
one calculates scattering amplitudes using either the string theory or the EQFT 
and demands that the two amplitudes for the same physical process agree with 
each other in the low-energy limit. The problem at hand involves the moduli 
dependence of the tree-level Zjj matrix for the matter fields, so we are going 
to calculate the tree-level four-particle amplitudes 5l*-®^(M*, M^) for the 

scattering of the moduli scalars off the matter scalars Q'^. 
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In EQFT, tree-level modulus-matter scattering is due to Einsteinian gravity 
and also due to sigma-model-like interactions arising from the moduli dependence 
of the Zjj{M, M) matrix. Thus, following a similar calculation in ref. 34, we have 

(B.l) 


- n^^—7- C- 



where s = —{ki + fc 2 )^, t = —(^2 -I- and u = —{ki + k^)'^ are Mandelstam’s 
kinematic variables and Gij = K~‘^didjK is the metric of the moduli space. 

Later in this Appendix, we will show that for the factorizable orbifolds, the 
tree-level string-theoretical amplitudes for scattering of the untwisted moduli off 
the matter scalars look like 


+ sq^j + 0{a'k^)). (B.2) 

At this point, however, we would like to derive the eq. (3.7) from eqs. (B.l) and 
(B.2) before we proceed to derive the eq. (B.2) itself. 

As written, the amplitudes (B.l) and (B.2) assume different normalization 
conventions for the external particles: The string-theoretical amplitude (B.2) 
assumes them to be canonically normalized while the held-theoretical ampli¬ 
tude (B.l) assumes that the particles are normalized exactly as the helds M*, 
and ML Translating the string amplitude into the held-theoretical nor¬ 
malization conventions gives 

(y + sq^j + 0{a'k^)) , (B.3) 

and it this formula that should agree in the low-energy limit with the held- 
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theoretical amplitude (B.l). By inspection of the two amplitudes (B.l) and (B.3), 
their low-energy limits are similar and the only not-trivial requirement of com¬ 
plete agreement has to do with the terms proportional to the Mandelstam’s s. 
Comparing their coefhcients, we arrive at 


^di{Z-^djZyj = {Z-^didjZ - Z-^diZ Z-^djZ^j 


= K^G^j6^jq^j = 




(Mi -b M^)2 


th&jb^t equality here follows from eq. (3.5). 


s — - ——— — g —3 

^Mt^Miains but to solve the differential equations (B.4) for the moduli de- '9^ 


pendence of the Zfj matrix. It is easy to see that a generic solution of these 
equations looks like 


Zjj{M,M) =^E|^(M)fji(M) n(M* + M*) (B.5) 

L i 


where Fji^{M) is an arbitrary non-degenerate matrix of holomorphic functions of 
the moduli. This arbitrariness rehect our freedom to use arbitrary (but holomor¬ 
phic) moduli-dependent coordinates for the space of the matter helds QG With¬ 
out loss of generality, we may choose those coordinates such that Fji{M) = Sjl; 
with this choice, eq. (B.5) reduces to the eq. (3.7). 

Let us now turn to the derivation of the string-theoretical tree-level scattering 
amplitude (B.2); we use the formalism and many explicit results of refs. 66. In 
the Hamiltonian formalism for the world-sheet quantities, we have 


4t°Lg(M*,g^Q^,M^) = 4ring/rf'^(Q"|r(%.(zc),EM.(z))|Q^), (B.6) 


where and {Q^\ are the asymptotic initial and hnal states of the matter 

scalar and T is the “time”-ordered product of the vertex operators for the moduli. 
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For the untwisted moduli of a factorizable orbifold, these operators are 


Vto = exp(zA:^X^) dX^ {BX^ + , 

V^i = exp(iA:„X^) (9X® (dX^ + ^kn^p^ip^) , 

(B.7) 

= exp(^fc^X^) dX^ {BX^ + , 

Vjji = exp(ifc^X^) BX^ {ax^ + 

(in string units a' = 5 ). For the sake of notational simplicity, we are going to 
consider the (1,1) moduli T® Rrst and only then address the (1, 2) moduli [/*. 

We begin by explaining the SijSij factor in eq. (B.2) (for the (1,1) moduli), 
which means that the scattering process Q'^ + ^ + T® is possible only if 

i = j and I = J. Clearly, Q'^ and must belong to the same twist sector of 
the orbifold, and if that sector is twisted, they must originate in the same hxed 
point (or fixed sub-torus) of the internal six-torus. For any given twisted sector 
of any supersymmetric orbifold, all the matter Helds arising from that sector have 
identical structures as far as the right-moving world-sheet degrees of freedom are 
concerned. Similarly, all the matter fields arising from the completely untwisted 
sector have the same trivial structure with regard to the left-moving 3X^ and 
3X^. Hence, either the right-moving or the left-moving creation/annihilation 
operators contained in the moduli vertex Vri have to cancel against those in the 
other vertex Vfi, and this is possible only lii = j. On the other hand, if i = j, 
then the operator product T {Vj^i{w), Vxj{z)) is completely diagonal with respect 
to all the massless matter scalars, so we must have / = J as well. 

Next, consider the diagonal matrix elements {Q^\ V^i) \Q^)- Like all 

vertex correlators on the spherical world sheet, these matrix elements are products 
of the holomorphic and the antiholomorphic factors corresponding to the two 
world-sheet chiralities. On the left-moving, bosonic side of the heterotic string. 
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we have 


(g^ T{Vt.{w,w),Vt.{z,z)) g"), ^ (B. 8 ) 

\ / left 

= - w)-*/« ^g^l T {BX\w), 3X\z)) |g^^. 

Let 27r?7} (0 < r/} < 1) be the angle by which the zth internal plane is rotated in 
the twist sector giving rise to the matter particle . Then in that sector, the 
operators 9X® and 9X® decompose according to 


■■(-) - E 


-l-n-rf 


‘M - E 


yj-l+m+T, 


where ahm-jj] = {n + ri)Snm and r] = r]p Generally, the state \Q^) 

may have > 0 quanta of the {ar^,a-r^) oscillator or Nj > 0 quanta of the 
(Q;i_^,d^_i) oscillator,* but it must be the ground state of all the other oscilla¬ 
tors of the ith plane. Therefore, 

(g^ T {3X\w),3X^{z)) Q^)=w^-^z-^ Ul-v)w + f]z ^ ^ jV} 

(B.IO) 

(again, rj = rjj)] substituting this matrix element into eq. (B. 8 ) and integrating 
by parts, we arrive at 

^g^ T{Vj:i{w,w),VTi{z,z)) 


X + + -^Nl _ N) 


" [ 8 + t + - 8(l-,)+s "^J 

(B.ll) 

plus a total-holomorphic-derivative term that would not contribute to the inte¬ 
gral (B. 6 ). 


* In the untwisted sector and in the twisted sectors with 7 ]® = 0, all matter particles have 
Nj = N’j = 0. In other twisted sectors, all particles have either N} = 0 and < 1 or 
N} = 0 and (1 < 1. 
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Now consider the right-moving, supersymmetric side of the heterotic string, 
where we have 

(q^ T(Vt^{w,w),Vt^{z,z)) gA = 

\ / right 

X {Q^\T{dX\w),dX\z))\Q^^ 


T{r{w),r{z)) Qn (g" T{i;\w),i;\z)) Q 


(B.12) 

Clearly, the bosonic matrix elements on the right hand side here is simply the 
complex conjugate of eq. (B.fO) for the special case Nj = N\ = 0, 


g^ T {dX\w),dX\z)) Q^) = w'^-^z-'^ 


{l-ri)w + riz 


{z — 


(B.13) 


The fermionic matrix elements in eq. (B.12) follow from the decomposition 


^\z) = ^ 

r=—oo 

+00 


(B.14) 


where V’-p-?;} = ^rp and — in the sector containing the — r and p 

are half-integers and p = pp For any of the twisted sectors of the orbifold, all 

matter states |g^) are annihilated by all the with r > ^ and all the 

with —p > i (because of the GSO projection, this is true even for the V'i_ when 

2 — r/j < 0). In the completely untwisted sector, however, the right-moving sides 

of the matter states are formed according to tp^_i | 0 ), so one should distinguish 

2 

between the cases £i = i and £j ^ i. Therefore, 


g^ T (V'*(w),V'*(^)) g^) = j— X < 1 


(w/z)^^ for all twisted states, 

1 for untwisted states with £j i, 

[w/z) for untwisted states with £j = i] 

(B.15) 
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similarly, 


(^Q^\T{r{w),r{m\Q') = (B.16) 

Substituting the matrix elements (B.13), (B.15) and (B.16) into eq. (B.12) and 
integrating by parts, we arrive at 


(^Q^\t{V^,{w,w),Vt4z,z)) 


(B.17) 


X 


—s'^/8u for untwisted states with £j = z, 
+s /8 for all other states, 


plus a total-antiholomorphic-derivative term. 

At this point, all we need to do is to substitute eqs. (B.ll) and (B.17) into 
eq. (B. 6 ) and perform the d?z integral. Taking the low-energy limit |s|, |t|, |u| <C 1 
of the resulting expression, we finally arrive at 


+ sq} + sO{s,t,u)). (B.18) 


where 

{ (1 — r/j) -h A| — Nj for all twisted states, 

0 for untwisted states with £j ^ i, (B.19) 

1 for untwisted states with £j = i. 

Note that eq. (B.18) is written in string units a' = 5 ; translating it into the 
conventional units gives us eq. (B.2) for the (1,1) moduli. 

The above arguments leading to eq. (B.18) can be applied almost verbatim 
to the scattering amplitudes involving the ( 1 , 2 ) moduli 17® instead of the ( 1 , 1 ) 
moduli T®. In light of the vertex operators (B.7), the right-moving degrees of 
freedom do not distinguish between the two kinds of the untwisted moduli, so the 
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right-moving matrix element (B.17) is exactly the same in both cases. However, 
on the left-moving (bosonic) side of the heterotic string, replacing T® with H® 
and T® with t/® requires an interchange between the dX^ and the dX^. Hence, in 
the left-moving matrix element (B.lf), one should interchange Nj with N\ and 
rfj with (1 — r/j), unless rjj = 0 , in which case there are no modihcations at all. 
Actually, if a factorizable orbifold does have an unfrozen (1,2) modulus H®, the 
only allowed values of r/j are 0 and and so the interchange (1 — r/j) is 

never needed. Therefore, 

+ sifj + sO{s,t,u)). (B.20) 

where (jj is exactly as in eq. (B.19), except for the interchange Nj ^ Nj. 

Most matter Helds have qj — q\ and thus contribute equally to the “mod¬ 
ular anomaly” coefficients aj {cf. eq. (3.10)) for the (1,2) modulus t/® and the 
(1,1) modulus T® of the same internal plane. The only exception to this rule are 
the for which rjj — ^ and either Nj = 1 and Nj = 0 or else Nj = 0 and 
Nj = 1. When the orbifold group never twists the ith plane by any angle other 
than zero or tt, such states always come in pairs: They have identical gauge and 
other quantum numbers and the only difference between the two members of a 
pair is Nj ^ Nj. Hence, one member of a pair has qj — ^ and qj = —\ while 
the other has qj ~ — \ and qj = ^ and the net contribution of such a pair to the 
coefficients is zero — again for either of the two moduli of the ith plane. 

Actually, the full story of such pairs of matter field is more complicated 
since they allow for non-diagonal scattering amplitudes in which one member of 
a pair turns into the other member while the H® modulus turns into the T® or 
vice verse. Therefore, we should add some non-diagonal terms to the right-hand 

★ If any sector of the orbifold were to rotate the ith. internal plane by any angle other than 
zero or tt, the value of the modulus of the internal torus would be completely frozen 
by the orbifolding procedure. 


side of eq. (B.4), and the resulting nioduli-dependent matrix Zfj is not quite as 
diagonal as in eq. (3.7). Instead, for the Nj ^ Nj pairs of matter fields — and 
only for such pairs, the rest of the matrix Zfj{M, M) is exactly as in eq. (3.7), 
— we have inextricably entangled 2x2 blocks of rather complicated moduli 
dependence. However, the determinants of such 2x2 blocks satisfy exactly the 
same differential equations as if the non-diagonal scattering amplitudes did not 
exist. Consequently, while the moduli transformation rules for the Nj Nj pairs 
are more complicated than eq. (3.8), their effect upon the moduli anomalies of the 
Wilsonian gauge couplings is exactly as in eq. (3.9), with the net contribution of 
each pair to the aj being exactly as if the pair had qj — (|, — 2 ). Specifically, the 
net contribution of a Nj Nj pair of matter fields to the a\ is exactly zero. This 
completes the proof that whenever a factorizable orbifold has an unfrozen (1,2) 
modulus H®, that modulus has exactly the same modular anomaly coefhcients aj 
as the (1,1) modulus T® of the same internal plane. 

APPENDIX C 

Examples of Factorizable Orbifolds 

In this Appendix, we verify eqs. (3.22) for all factorizable N — 2 orbifolds and 
for several examples of factorizable N = 1 orbifolds. To save space, we present 
only a dozen of the N = I orbifolds here, but we have actually investigated many 
more, and for all those orbifolds we found eqs. (3.22) holding true for all three 
internal planes and all the gauge couplings of the orbifold. 

C.l. Factorizable N = 2 Orbifolds. 

A supersymmetric orbifold has unbroken N = 2 spacetime supersymmetry 
when the orbifold group D never rotates one of the internal planes. In the no¬ 
tations of eq. (3.19), for a factorizable orbifold of this kind, one has Di = D 
and b^^^(l) = ha for the untwisted first plane while for the other two planes. 
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D 2 ~ \ and ^(2) = ^(3) = 0. Let us now demonstrate that for all 

such orbifolds, one also has 

a\ = ba and = 0. (C.l) 


This would not only confirm eqs. (3.22) for all three planes and all the gauge 
couplings but also show that 6^^ = = (fgg = 0. 

The N — 2 spacetime supersymmetry has two kinds of massless supermul- 
tiplets containing scalar particles, namely the vector multiplets and the hyper- 
multiplets. In = 2 orbifolds of the heterotic string, scalars belonging to vector 
supermultiplets include the dilaton S, the two moduli and of the untwisted 
plane, and the matter fields originating in completely untwisted string states 
with £j = 1; all other moduli and matter scalars belong to hypermultiplets. For 
the matter scalars, this distinction parallels eq. (B.19) for i — 1: All matter 
scalars arising from twisted states have r]j = 0 and hence q\ = Q, the untwisted 
states with li ^ 1 also have q\ — Q, but the untwisted states with ij — 1 have 
q\ = 1. Therefore, eqs. (3.10) for f = 1 reduce to 


= E - E 


= E Ta{Q') - 2T{Ga) = ba (for N = 2). 


The fact that all the belonging to hypermultiplets have qj — 0 and thus 
have metrics Zjj that do not depend on and reflects a universal property 
ot N — 2 EQFTs: The metric for the hypermultiplets does not depend on the 
vector superfields and vice verse. Thus, since the moduli and U'^’^ belong 
to hypermultiplets, we should also have qf = q^ = 0 for in vector supermul¬ 
tiplets, which is indeed the case according to eq. (B.19). On the other hand, the 
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metric matrix for the hypermultiplets may depend on the T'^’^ and but the 
resulting field space should have a quaternionic geometry. Consequently, for any 
two matter scalars and belonging to the same hypermultiplet, q\+ q^ = ^ 
for i = 2,3; because of our present focus on the orbifolds, we prefer to derive this 
result from eqs. (B.19) instead of going through a more general N — 2 analysis. 

Consider a matter hypermultiplet arising from a twisted sector. In 

= 1 terms, the two chiral supermultiplets and arise from oppositely 
twisted sectors; hence, in eqs. (B.19), one should use 772 = 1 — ryf for i = 2,3. Sim¬ 
ilarly, A 2 = 3 .nd N 2 = thus, for the twisted hypermultiplets, eqs. (B.19) 
give q\+q 2 = 1 for z = 2, 3. On the other hand, for the untwisted hypermultiplets, 
both and arise from the same untwisted sector. However, if has £1 = 2 
then has £2 = ^ and vice verse, if €1 = 3 then £2 = 2. Thus, according to 

eqs. (B.19), we again have q\+ q 2 ~ ^ ior i — 2,3. Since and always have 
exactly opposite gauge quantum numbers, Ta{Q^) = Ta{Q‘^) for all a. Therefore, 
according to eqs. (3.10), the net contribution of any matter hypermultiplet to the 
modular anomalies is precisely zero. Consequently, 

vector 

= E Ta{Q^) - T{Ga) = 0 . (C.3) 

/ 

Eqs. (C.3) do not merely confirm eqs. (3.22) for the moduli of the twisted 
planes, they also verify a stronger string-EQFT consistency condition required 
by the unbroken N = 2 spacetime supersymmetry. Specifically, in a locally 
N = 2 supersymmetric EQFT, the gauge couplings are not allowed to depend 
on any hypermultiplets, and any mixing between the hypermultiplets and the 
dilaton S (which belongs to a vector supermultiplet) is also forbidden. Thus, at 
the one-loop level, we must have = Q and also Sq^ = dgg = 0 , and 

both requirements are indeed upheld by eq. (C.3). {Sq^ = = 0 follows from 

eq. (3.22) and the fact that ha{i = 2, 3) = 0 for an V = 2 orbifold.) 
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On the other hand, the fact that eq. (3.22) for the untwisted first plane holds 
for Sqq = 0 does not have any profonnd significance from the N = 2 point of view. 
Both the dilaton S and the moduli and of the untwisted plane belong to 
vector supermultiplets of the N = 2 supersymmetry, so there is no reason why 
they should not mix with each other in the perturbative string theory. In fact, 
they do mix with each other: According to eq. (3.20), 

vl,%{M,M) = n{T\u\T\U^), (C.4) 

where obtains from an explicit calculation of the entire string-theoretical thresh¬ 
old corrections Aa(M, M) rather than the differences Aq —A^'. The explicit form 
of this mixing is given by eq. (3.21); the derivation of this formula and its physical 
implications will be presented in a forthcoming article. 

C.2. Orbifolds. 

The orbifold group of the = 1 supersymmetric Z 3 orbifolds is generated 
by the rotation 0 = There are five inequivalent modular- 

invariant ways this group may act on the Ag x Ag degrees of freedom; hence, there 
are five distinct Z 3 orbifolds, with unbroken gauge symmetries being respectively 
Ag X Ag, {Eq X SU{Z)) X Ag, {Eq x SU{Z)) x {Eq X SU{Z)), (50(14) x [/(I)) x 
5t/(9) and (50(14) x 0(1)) x {E^ x 0(1)). 

A Zq orbifold has no (1,2) moduli but nine (1,1) moduli, and for generic 
values of these moduli, the orbifold is not quite factorizable — the three internal 
planes are not mutually orthogonal but mix with each other. However, since 
the purpose of this Appendix is to present examples of factorizable orbifolds, we 
impose factorizability by fiat, be., we assume that all six of the off-diagonal ( 1 , 1 ) 
moduli have zero values and concentrate on the way the gauge couplings depends 
on the three diagonal moduli Specifically, we are going to calculate the 


modular anomaly coefficients (3.10) and show that 

< = fcafe, (C.5) 

in full agreement with eq. (3.22) for orbifolds without N = 2 supersymmetric 
sectors. Because of the obvious symmetry, the coefficient ^gs in eq. (C.5) is 
always the same for all three internal planes of a Zq orbifold; however, the Zq 
orbifolds with different gauge groups generally have different values of (5 gs- 


Let us start with the left-right symmetric Z 3 orbifold whose gauge group is 
G = Eqx SU (3) X Eg. The matter states for this orbifold are summarized in the 
following table 


sector 

Ae x SU{3) X Es 

# 

(j or 7]} 

oscillators 

average q] 

untwisted 

(27,3,1) 

3 

£= 1,2,3 

none 

(1 i 1) 

V 3 ’ 3’ 3 / 

e 

(27,1,1) 

27 

'1 V 3 ’ 3 ’ 3 '' 

none 

(2 2 2\ 

V 3 ’ 3’ 3 / 

e 

(1,3,1) 

81 

77= i 

'1 V 3 ’ 3 ’ 3 

E, A* = 1, Tv* = 0 

(1,1,1) 


where the last column gives the average value of the {q^, q^, q^) (calculated accord¬ 
ing to eq. (B.19)) for all the states in any given raw. Substituting this spectrum 
— and the values of the q} — into eqs. (3.10) and totalling the sums gives us 


^E(6) — ^SU(3) ^ ^E(S) ^ (^•®) 


Next consider the Z^ orbifold with the completely unbroken Ag x Ag gauge 
group. This orbifold is somewhat peculiar since it has no untwisted matter fields 
at all. It does have 243 twisted matter fields, but all of them are singlets under 
the gauge group and thus do not contribute the modular anomalies of the gauge 
couplings. Therefore, 


a 


m) 


OL 


m 


, = -30. 


(C.7) 


The next Z 3 orbifold has both of the Ag groups twisted in the same manner 
as the twisted Ag of the left-right symmetric orbifold; its unbroken gauge group is 
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G = E(iX SU{3) X Eq X SU{3). The matter states of this orbifold are as follows: 


sector 

X SU{3) xE^x 5(7(3) 

# 

ij or 7]} 

oscillators 

average q\ 

untwisted 

(27.3,1,1) 

3 

f = 1,2,3 

none 

(1 i 1 ) 

V 3 ’ 3’ 32 

untwisted 

(1,1.27,3) 

3 

f = 1,2,3 

none 

(1 i 1) 

V 3 > 3 ’ 3 / 

e 

(1,3,1,3) 

27 

7 = 

none 

(2 2 2\ 

V3’ 3’ 3 / 


Therefore, 

“b(6) = “£(6)' = ^SU{3) = ^SU(3y = “3. (C.8) 

Note that for this orbifold eq. (C.5) holds true, but dcs = ~3 rather than —30. 
We shall see momentarily that the other two Zs orbifolds in which both Eg groups 
are broken also have (5 gs —30. 

Indeed, the Zg orbifold with the G = 5'0(14) x [/(!) x SU{9) gauge group 
has the following matter fields: 


sector 

50(14) x (7(1) x 5(7(9) 

# 

£j or r]} 

oscillators 

average q} 

untwisted 

(14,-1,1) 

3 

t = 1,2,3 

none 

(1 1 1) 

V 3 ’ 3’ 3 / 

untwisted 

(64,+1,1) 

3 

t = 1,2,3 

none 

(1 i i) 

V 3 ’ 3’ 3 / 

untwisted 

(1,0,84) 

3 

£= 1,2,3 

none 

(1 1 1) 

V 3 ’ 3’ d' 

0 

(l,+i,9) 

27 

'1 V 3 ’ 3 ’ 3 / 

none 

(2 2 2\ 

V3’ 3’ 3 / 


where the [/(I) charges are normalized according to = 2. Substituting this 
table of matter helds into eq. (3.10), we obtain 

“50(14) = “5(7(9) = 5“o(l) ^ 

Similarly, for the remaining Zg orbifold with the G = S'(9(14) x U{1) x Er x U{1) 


gauge group, the matter helds are 


sector 

50(14) x U{1) xErx U{1) 

# 

£l or rj} 

oscillators 

average q] 

untwisted 

(14,+1,1,0) 

3 

t= 1,2,3 

none 

(1 i 1) 

V 3 ’ 3’ 3'' 

untwisted 

(64,+1,1,0) 

3 

t= 1,2,3 

none 

(1 i i) 

V3’ 3’ 37 

untwisted 

(1,0,56,+!) 

3 

t= 1,2,3 

none 

(1 i i) 

V 3 ’ 3’ 37 

untwisted 

(1,0,1,-1) 

3 

t= 1,2,3 

none 

fi i i) 

V3’ 3’ 37 

0 

(14,-1,1,+!) 

27 

7 = (iil) 

none 

(2 2 2\ 
V 3 ’ 3’ 37 

0 

(A+§,1,-1) 

27 

V = ( 3 . 3 - 3 ) 

none 

(2 2 2\ 
V 3 ’ 3’ 37 

0 

(i,+i,i,+i) 

81 

V = ( 3 . 3 - 5 ) 

= 1 , 1 V‘ = 0 

( 1 , 1 , 1 ) 


and hence 

“50(14) = “£(7) ^ “12, «p(i) = (C.IO) 

where = (p®) is the normalization matrix for the two abelian gauge charges 
of the model. Again, eqs. (C.5) are satished but for dgs = —12 rather than —30. 

C.3. Z 2 X Z 2 Orbifolds. 

The orbifold gronp of the Z 2 x Z 2 orbifoldsis generated by two rotations, 
01 = (—1, —1, +1) and 02 = (—1, +1, —1); consequently, there are six untwisted 
moduli, and Again, there are hve inequivalent modular-invariant 

embeddings of the orbifold group into the Eg x Eg Kac-Moody algebra and hence 
hve distinct Z 2 x Z 2 orbifolds, whose unbroken gauge symmetries are respectively 
{Ee X (7(1)2) X X SO{16), (Eq x (7(1)2) ^ ( 50 ( 8 ) x SO{8)), 

{SU{8) X U{1))x{E7 X 5(7(2)) and (5(7(8) x (7(1))x(5(3(12) x SU{2) x SU{2)) 

All three internal planes of a Z 2 x Z 2 orbifolds have non-trivial little groups 
Di — Z 2 making non-trivial N = 2 orbifolds. Depending on a particular Z 2 x Z 2 
orbifold and on a particular plane, one may get either of the two Z 2 orbifolds: 
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The first has G — Et x SU (2) x Eg and the hypermultiplet spectrum consisting 
of two copies of ( 56 , 2 , 1 ), sixteen copies of ( 56 , 1 , 1 ) and sixty four copies of 
(1, 2,1); consequently, 

b£(=7) = ^sui 2 ) - +84, = _60. (c.ll) 

The second Z 2 orbifold has G — E-j x SU{2) x S'0(16) and the hypermulti¬ 
plet spectrum consisting of two copies of ( 56 , 2 , 1 ), two copies of ( 1 , 1 , 128 ) and 
sixteen copies of ( 1 , 2 , 16 ); consequently 

- -12, h^u(2) = +180, h^oiw) = +36. (C.12) 


ing the above spectrum and the values of into eqs. (3.10), we arrive at 

'^£(8) ^ —30, '^£(6) ^ +42, ^u{i} ^ +42A;[/(i), (C.13) 

which clearly agrees with eqs. (C.ll) and (3.22) are for = 0. 

Next consider the Z 2 x Z 2 orbifold in which each of the three twists 0i, 02 
and 0102 would break the Es x Eg down to a — E^ x SU{2) x S'0(16); 

the combined effect of these twists leaves the = 1 orbifold with the unbroken 
gauge symmetry G = Ea x U{1)‘^ x 50(8) x 50(8). Naturally, for this orbifold, 
b^^^(i) are given by eqs. (C.12), although a proper interpretation of that result 
requires paying careful attention to the way G is embedded into G^^^(z), which 
is different for different i. Thus, 


For the left-right symmetric Z 2 x Z 2 orbifold, each of the three little groups 
Di produces the N = 2 orbifold with G^^^ = E^ x SU (2) x Eg thus giving us 
eqs. (C.ll) for the b^^^(i). The = 1 orbifold itself has G = E^ x 0(1)^ x Es 
and the following massless matter helds Q^: 


sector 

Ee X 17(1)2 x Es 

# 

il or Tj] 

osc. 

average q\ 

untwisted 

(27, +i, +i, 1 ) + ( 1 , -i, +|, 1 ) -h C.C 

1 

i=l 

0 

(1,0,0) 

untwisted 

(27,— -^,+^, 1 ) + (l,+^,H-^,l) + c.c 

1 

i = 2 

0 

(0,1,0) 

untwisted 

(27,0,-l,l) + (l,+l,0,l) + c.c 

1 

e = 3 

0 

(0,0,1) 

01 

(27,0,+|,l) + (l,0,+f,l) 

16 

'/ = (iio) 

0 

(iio) 

01 

(l,±i,0,l) 

32 

'/ = (iio) 

1 

(iio) 

02 

(27,+|,-i,l) + (l,+f,-f,l) 

16 

'/ = (!, o,i) 

0 

(|,o,i) 

02 

(l,±i±|,l) 

32 


1 

(io,i) 

0102 

(27,-i,-i,l) + (l,-f,-f,l) 

16 


0 

(o.i^) 

0102 

(l,Ti±!,l) 

32 


1 

(o,i|) 


(the abelian gauge charges are normalized according to fcp^i) = (pg)). Substitut- 



-12, 


^N ^2 

^SO{8)y 


(*) = b50(8)/(f) = +36, 


(C.14) 


'[/(!) 



b'',lf(2) ^ t “ 


t-l-144 396) ’ 


b 


N=2 

U{1) 




where on the hrst line i — 1,2,3 and on the second line we use the same basis 
for the two abelian charges as in the previous Z 2 x Z 2 example. The matter held 
spectrum of the present orbifold is 


sector 

Ee X U(lf X 50(8) x 50(8) 

# 

£l or rfj 

osc. 

avg. q} 

untwisted 

(27, + 1) 1) + (1) 1,1) H“ c.c 

1 

t=l 

0 

(1,0,0) 

untwisted 

( 1 , 0 , 0 , 8 , 8) 

1 

t=l 

0 

(1,0,0) 

untwisted 

(27,—-^,+^, 1,1) + (1,+^,+^, 1,1) + C.C 

1 

i = 2 

0 

(0,1,0) 

untwisted 

( 1 , 0 , 0 , 8 ', 8') 

1 

i = 2 

0 

(0,1,0) 

untwisted 

(27, 0,-1,1,1) + (1,+1, 0,1,1)-I c.c 

1 

II 

CO 

0 

(0,0,1) 

untwisted 

(1,0, 0,8", 8") 

1 

II 

CO 

0 

(0,0,1) 

01 

(1,+1,0,1,8")-1(1,-1,0, 8", 1) 

16 

'/ = (|,io) 

0 

(iio) 

02 

(i,^i',~|,i,8') + (i,+3,+f,8',i) 

16 

'/ = (io,i) 

0 

(io,i) 

0102 

(1, ~i, +1,1, 8) + (1, +j, - f, 8,1) 

16 

0 

II 

0 

(0,1,1) 
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which leads to the following values of the modular anomalies (3.10): 




Comparing these results with eqs. (C.14), we see that again eqs. (3.22) hold true 
for (Igg = 0. In fact, we shall momentarily see that = 0 for all hve x 
orbifolds. 


For the next x Z^ orbifold, the little groups Di of the three internal planes 
act similarly on the hrst but not on the second E%. This time, the = 1 
gauge group is G = Fig x x 50(16) and the N — 2 renormalization group 

coefficients b^^^(z) are given by eqs. (C.14) for i = 1,2 but by eq. (C.ll) for 
i — 3. The matter helds of this orbifold are 



Substituting this spectrum into eqs. (3.10), we obtain 


1,2 

“£( 6 ) 


- 6 , 


1,2 

'^50(16) 


+18, 


( 18 t72\ 
Vt72 1987 ’ 


“1(6) - +42, “lo(i6) - “30, ^ 20 ) - +42fc[/(i), 

(C.16) 

which indeed agrees with eqs. (3.22) for = d^g = d^g = 0. 
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In the remaining two Z 2 x Z 2 orbifolds, the little group O 3 of the third internal 
plane acts differently from Di and D 2 on both Gg factors: In both models, Di 
and D 2 break the hrst E^ down to an E-; x SU (2) and the second Gg down to an 
50(16) while £>3 breaks the second Gg down to an E^ x 51/(2); the difference is 
whether £3 leaves the hrst Gg unbroken or breaks it down to an 50(16). In the 
hrst case, the surviving gauge group is G = £7 x 51/(2) x 51/(8) x 1/(1) and the 
spectrum of the matter helds consists of 


sector 

£7 X 51/(2) x 51/(8) x 1/(1) 

# 

(j or r]} 

osc. 

avg. q} 

untwisted 

(1,1,28,-/) + C.C 

1 

1=1 

0 

(1,0,0) 

untwisted 

(1,1,28,+i) + C.C 

1 

1 = 2 

0 

(0,1,0) 

untwisted 

(1,1,70,0) + (1,1,1,±1) 

1 

1 = 3 

0 

(0,0,1) 

untwisted 

(56,2,1,0) 

1 

1 = 3 

0 

(0,0,1) 

01 

(1,1,28,0) 

16 

»? = (iio) 

0 

(iio) 

01 

(1,1,1,+^) 

32 

'/ = (iio) 

1 

(iio) 

02 

(1,2,8,-i) 

16 

'/ = ( 5 , 0 , 5 ) 

0 

(io,i) 

0102 

(1,2,8 ,+1) 

16 

'/= ( 0 , ^ 5 ) 

0 

(0,^^) 


where the abelian gauge charge is normalized to = 1. Therefore, 



which agrees with the fact that for this model, ^(i) are given by eqs. (C.12) 
for i = 1, 2 and by eqs. (C.ll) for z = 3. 
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The unbroken gauge symmetry of the other model is G = SO{\2) x SU (2) x 
SU{2) X SU{ 8 ) X U{1) while its matter fields are as follows: 


sector 

50(12) x 5(7(2) x 5(7(2) x 5(7(8) x U{1) 

# 

£] or r]} 

osc. 

avg. q] 

untwisted 

(l,l,l,28.-|) + c.c 

1 

7=1 

0 

( 1 , 0 , 0 ) 

untwisted 

(32,2.1,1,0) 

1 

7=1 

0 

( 1 , 0 , 0 ) 

untwisted 

(l,l.l,28.+|) + c.c 

1 

7 = 2 

0 

( 0 , 1 , 0 ) 

untwisted 

(32'. 1,2.1,0) 

1 

7 = 2 

0 

( 0 , 1 , 0 ) 

untwisted 

(l,l.l,7O.0) + (l,l,l,l,±l) 

1 

7 = 3 

0 

( 0 , 0 , 1 ) 

untwisted 

(12,2.2,1,0) 

1 

7 = 3 

0 

( 0 , 0 , 1 ) 

01 

(2,2,1,1,-i) 

16 

7= (il-o) 

0 

(|,io) 

01 

(12,1,1,1,+t) 

16 


0 

(|,io) 

02 

(2,1,1,8,+i) 

16 

'( = (io,i) 

0 

(i 0 ,i) 

0102 

(1,2,1,8,+|) 

16 

7 = ( 0 , 1 , 7 ) 

0 

( 0 , 1 ,^) 


Consequently, 

1 12 2 3 

<^50(12) ^ “5(7(2) = “SO(12) = “S!7(2)' = “5(7(8) = 

“5(7(2)' = “1(7(2) = “y(l) = +90, 

1 1 2 2 3 3 3 

“5(7(8) ^ “(7(1) = “5(7(8) = “(7(1) = “5(7(8) = “5(7(2) = “5(7(2)' = +1®, 

(C.18) 

which agrees with the fact that for this model, all the are given by 

eqs. (C.12), but the embedding of the = 1 gauge group into the gauge group 
of the N = 2 Di orbifold depends on i. Again, in both models, eqs. (3.22) hold 
for Sqq = 0. 


C.4. Other Orbifold Examples. 

After the Zg and Z 2 x Z 2 orbifolds we have presented thus far, the next 
simplest group of orbifold examples consists of twelve Z 4 orbifolds whose rotation 
group is generated by 0 = (i, i, —1). (There are twelve inequivalent twists of the 
Eg X Eg Kac-Moody algebra that are compatible with this rotation.) For these 
orbifolds, the little groups of the hrst two planes are trivial while the little group 
of the third plane is a Z 2 . Therefore, we expect 

= kaSlil = kaSls + (C.19) 

where the N = 2 beta-fnnction coefficients are given by eqs. (C.fl) or 

(C.12), whichever is appropriate for a particular Z 4 orbifold. Without going 
through the spectra of the twelve orbifolds, let us simply state the results: For 
all twelve models, eqs. (C.19) are always satisfied and furthermore, = 0. On 
the other hand, Sqq depend on a particular model but generally do not vanish. 

All of the above examples have a common feature that = 0 whenever 
some twisted sectors leave the ith plane nnrotated. However, a more general 
snrvey shows that (Jgg vanishes only when the little group Ei of the ith plane has 
index 2 (which happens to be the case for all the non-trivial little groups of the 
-^ 3 , ^2 X Z 2 and Z 4 orbifolds). In particular, for the Zg orbifolds whose rotation 
group is generated by the 0 = — 1 ), the little groups are D4 = 1, 

D 2 = Z 2 and Dg = Zg; consequently, = 0 bnt h^g 7 ^ 0. 

There are sixty one ineqnivalent Zg twists of the Eg x Eg Kac-Moody algebra 
that are compatible with 0 = —1). The resulting list of sixty one 

models is clearly much too long to be presented here in full detail, so we decided 
to present only two of these Zg orbifolds as examples: The left-right symmetric 
(2,2) orbifold whose gauge group is (Eg x 17(1)^) x Eg and a (0,2) Zg orbifold 
with G = {SU{6) X SU{3) x SU{2)) x (5(7(8) x (7(1)); their respective spectra 
of the matter fields are listed in tables on the following pages. (The abelian gauge 
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Matter Fields of the (2,2) Orbifold 


sector 

Ee x t/(l)2 x Eg 

# 

£] or Tj] 

OSC. 

avg. q] 

untwisted 

(27,+i,+i,l) 

1 

e = i 

0 

(1,0,0) 

untwisted 

(l,-l, 0 ,l) + (l,+i,-|,l) 

1 

e = i 

0 

(1,0,0) 

untwisted 

(27,-i,+|,l) + (l,-t,-f,l) 

1 

1 = 2 

0 

(0,1,0) 

untwisted 

(27,0,-l,l) + (^,0,+l,l) 

1 

l = Z 

0 

(0,0,1) 

0 

(27,-^,-1,1) 

12 

»? = ( 3 , 3 , 3 ) 

0 

f5 2 1') 

0 


12 

»? = ( 3 , 3 , 3 ) 

1 

fll 2 lx 

0 


24 


1 or 2 

fii 1 i) 

V 6 ’ 6’ 2/ 

0 

( 1 ,- 1 ^,+ 1 , 1 ) 

48 

"n = ( 3 , 3 , 3 ) 

1, 2 or 3 

(¥, 13 , 3 ) 

02 

(27,-i,+i,l) + (l,-t,-f,l) 

6 

’? = (if,o) 

0 

( 3 , 3 , 0 ) 

02 

(^,-i,-i,l) + (l,-i,+|,l) 

3 

7 = (if, 0 ) 

0 

(i,io) 

02 

(i,-i,o,i) 

9 

7 = (if, 0 ) 

1 

(|, 0 , 0 ) 

02 

(1, + 3 , 0 , 1 ) 

24 

7 = (if, 0 ) 

1 or 2 

(i,i^,0) 

03 

(27,+i,-i,l) 

8 

7 = (i 0 ,i) 

0 

(io,i) 

03 

(^,-t,+|,l) + (l,±f,Tf,l) 

4 

»/ = (3,0,t) 

0 

(1,0,1) 

03 

(i,+i+!,i) 

24 

V = (io,i) 

1 

(io,i) 

03 


20 

7 = (io,t) 

1 

( 10 , 0 , 3 ) 


(27, +t, +t, 1) + (1, +g, 1) 

6 

7 = (i.|,o) 

0 

(if,0) 

04 

(^,+i,-i,l) + (l,+i,+|,l) 

3 

’? = (i,|,o) 

0 

(if, 0 ) 

04 

(i,+i,o,i) 

9 

’? = (§,1,0) 

1 

(0,|,0) 

04 

( 1 ,- 3 , 0 , 1 ) 

21 

’7 = (i,|,0) 

1 or 2 

f — — 0) 

V21 > 21 ’ 


charges are normalized to = (^g) for the ( 2 , 2 ) orbifold and = 1 for 

the ( 0 , 2 ) orbifold.) 

For the left-right symmetric Zg orbifold, the N — 2 orbifolds produced by 
the little groups D 2 = Z 2 and Ds = Z^ are both left-right symmetric, and for all 
such orbifolds, 

^E(6) = +84, = +84fc!7(i) • (C.20) 


Matter Fields of a (0,2) Zq Orbifold 


sector 

SE(6) x 5 E( 3 ) x SU(2) x SU{%) x t/(l) 

# 

ll or 77 } 

OSC. 

avg. q\ 

untwisted 

(6,3,2,1,0) 

1 

t = 1 

0 

(1,0,0) 

untwisted 

(l,l,l,28,+i) + (l,l,l,l,-l) 

1 

i = l 

0 

(1,0,0) 

untwisted 

(15,3,1,1,0) + (1,1,1,28,-1) 

1 

1 = 2 

0 

(0,1,0) 

untwisted 

(20,1,2,1,0)+ (1,1,1,70, 0) 

1 

l = Z 

0 

(0,0,1) 

©2 

(15,1,1,1,+!) 

6 

’? = (if,0) 

0 

(i,|,o) 

©2 

(6,1,2,1,+1) + (1,3,1,1,-|) 

3 

’? = (if,o) 

0 

(i,|,o) 

©2 

(1,3,1,1,+i) 

9 

’? = (if,o) 

1 

(l,-3,0) 

©3 

( 1 , 1 , 2 , 8 ,+!) 

8 

»? = (io,!) 

0 

(io,!) 

©3 

( 1 , 1 , 2 , 8 ,!) 

4 

’? = (3,0,!) 

0 

(io,!) 

©4 

(15,1,1,1,-!) 

3 

’? = (i,|,0) 

0 

(|,f,o) 

©4 

(6,1,2,1,-!) + (1,3,1,1,+|) 

6 

’? = (§,|,0) 

0 

(|,f,o) 

©4 

(1,3,1,1,-i) 

9 

’? = (if,0) 

1 

(-ibo) 


At the same time, eqs. (3.10) give us 


l!iS( 8 ) — 

-30, 


-30, 

“p(i) - 

/ -30 

V 0 

0 ) 
-90 J 

— — 30fc[/(i) , 

II 

-30, 

II 

+18, 

2 

^u(i) - 

/+18 

V 0 

+54 J 

= +18A:g7(i) , (C.2i) 

3 

'^E(8) = 

-30, 

'^E(6) — 

+42, 

3 

“[/(i) = 

/+42 

V 0 

+126 J 

= +42fc(7(i) , 


and we immediately see that eqs. (3.22) are satisfied for 

(5qs = -30, (5gs ^ “lO; '^GS = 0. (C.22) 

For the other Zg example, the N = 2 orbifold produced by the little group 
of the second plane has = A 7 x SU{2) x 50(16) and its beta-function 

coefhcients are given by eq. (C.12); similarly, for the little group of the third 
plane, = Ag x SU{3) x A 7 x U{1) and the beta-function coefficients are 

- ^suis) - +48, h^ir) - -24, = +120. (C.23) 
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At the same time, the modular anomaly coefficients (3.10) of this Zg orbifold are 

^SU(6) ^ “5(7(3) = “5(7(2) ^ “5(7(8) = “^( 1 ) = +2> (C.24) 

2 2 2 2 2 
“5(7(6) = “5(7(3) ^ “2, a5[/(2) = +62, as(7(8) ^ “(7(1) = +1^, 

“5(7(6) = “5(7(3) = “S(7(2) = +^4, “S(7(8) = “^(1) = +66, 

which satisfies eqs. (3.22) for 

'^GS = '^GS = +2, <^GS = 6 . (C.25) 

Notice that for both examples, Sq^ ^ 0 even though the little group of the 
second plane is non-trivial; on the other hand, (5Qg = 0. From the orbifolds we 
have studied so far, it appears that Sqq vanishes whenever the little group of the 
ith plane has index two {e.g., Zi C -^2 C Z\ or Z 3 C Ze). For the orbifold in 
which the second Eg remains unbroken, this behavior results from the absence of 
any Ag-charged massless matter fields (which implies = —T{Es) = 
but we have no idea why the ( 0 , 2 ) orbifolds in which both Ag’s are broken also 
follow the same pattern. 
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